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In [8, pp. 232-233]1, Langlands made a very precise conjecture describing how an
automorphism of C acts on a Shimura variety and its special points. The results of Milne–
Shih [15], when combined with the result of Deligne [5], give a proof of the conjecture
(including its supplement) for all Shimura varieties of abelian type (this class excludes only
those varieties attached to groups having factors of exceptional type and most types D).
Here the proof is extended to cover all Shimura varieties. As a consequence, we obtain a
complete proof of Shimura’s conjecture on the existence of canonical models. The main new
ingredients in the proof are the results of Kazhdan [7] and the methods of Borovoi [2].

In the preprint [7], Kazhdan shows that the conjugate (by an automorphism of C) of the
quotient of a hermitian symmetric domain by an arithmetic group is a variety of the same
form. (For a precise statement of what we use from [7], see 3.2 below.2). In �2 and �3 we
apply this result to prove the following weak form of Langlands’s conjecture:

(0.1) Let3 Shı.G;XC/ be the connected Shimura variety defined by a simply
connected semisimple algebraic group G and hermitian symmetric domain XC;
then, for every automorphism � of C, there is a connected Shimura variety
Shı.G0;X 0C/ such that there exist compatible isomorphisms

�W� Shı.G;XC/! Shı.G0;X 0C/

 WGAf !G0Af :

In [2], Borovoi shows that the analogue of 0.1 for non-connected Shimura varieties
implies the existence of canonical models for all Shimura varieties. We adapt his methods to
show, in ��4,5,6, that 0.1 implies Langlands’s conjecture for all connected Shimura varieties.

In the final section, we review the main consequences of this result: the conjecture of
Langlands in its original form; the existence of canonical models in the sense of Deligne; the

This work was completed while the author was at The Institute for Advanced Study and supported in part by
NSF grant MCS 8103365

1Misprint fixed.
2At the time the article was written, Kazhdan’s proof was incomplete. It was completed in Clozel, Laurent,

On limit multiplicities of discrete series representations in spaces of automorphic forms, Invent. Math. 83 (1986),
no. 2, 265–284.

3Denoted M ı.G;XC/ in the original.
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1 STATEMENT OF THE FIRST THEOREM 2

conjecture of Langlands describing the action of complex conjugation on a Shimura variety
with a real canonical model; the existence of canonical models in the sense of Shimura.

An expository account of this, and related material, can be found in [11].
I am indebted to P. Deligne for several valuable conversations and, especially, for

suggestions that led to the elimination of a hypothesis on the congruence nature of arithmetic
subgroups in the statement of the main theorem.

NOTATION

The notation is the same as [4]. In particular, a reductive group G is connected with centre
Z.G/. A superscript C denotes a topological connected component, and G.Q/C denotes
the inverse image of Gad.R/C under G.Q/!Gad.R/. The symbol S denotes ResC=RGm,
and, for any homomorphism hWS! G, we let �h denote the restriction of hC to the first
factor in SC DGm� Gm.

If .G;X/ and .G0;X 0/ are two Shimura data,4 then a morphism .G;X/! .G0;X 0/ is
a homomorphism G!G0 carrying X into X 0. An inclusion .T;h/ ,! .G;X/ will always
mean that T is a maximal torus of G.

If G is an algebraic group over Q, then G` DGQ` . By a homomorphism GAf !G0Af ,
we mean a family of homomorphisms of algebraic groups G`!G0

`
whose product maps

G.Af / into G0.Af /. As usual, Af D .lim
 �

Z=nZ/˝Q.
We say that an algebraic group G satisfies the Hasse principle for H i if the map of

Galois cohomology groups H i .Q;G/!
Q
`H

i .Q`;G/ is injective, where ` runs through
all primes of Q including `D1. The closure of G.Q/ in G.Af / is denoted by G.Q/�.

If V is an algebraic variety over a field k and � Wk ,!K is an inclusion of fields, then
�V denotes V ˝k;� K D V �Speck SpecK.

The main definitions concerning connected Shimura varieties are reviewed in the Ap-
pendix.

1 Statement of the first theorem
To a pair .G;XC/ satisfying (C) (see the appendix), a special point h 2XC, and an automor-
phism � of C, Langlands [8] attaches another pair .�G; �XC/ also satisfying (C) , a special
point �h 2 �XC, and an isomorphism  � D .g 7!

�g/WG.Af /! �G.Af /. (See also [14];
in general, we shall use the definitions of [14] and [15] rather than [8].)

1.1 THEOREM 1.1. Assume that G is simply connected. Then, with the above notation, there
exists an isomorphism

�� W� Shı.G;XC/! Shı.�G; �XC/

such that
(a) �� .�Œh�/D Œ�h� (for the particular special h), and
(b) �� .�Œgx�/D �g�� .x/; all x 2 Shı.G;XC/; all g 2G.Af /.

1.2 REMARK 1.2. This is a weak form of part (a) of conjecture Cı [15, p. 340]. In �6, we shall
see that it leads to a proof of the full conjecture.

4called “pairs defining Shimura varieties” in the original.
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1.3 REMARK 1.3. The real approximation theorem [3, 0.4] shows that G.Q/C is dense in
G.R/C. Therefore, for any x 2 XC, G.Q/Cx is (real) dense in XC, and its image in
� nXCis Zariski dense. It follows that there is at most one map �� satisfying the conditions
of the theorem.

1.4 REMARK 1.4. Let G be a semisimple group over Q, and let i WT ,!G be the inclusion of
a maximal torus. Then Aut.G; i/D xT def

D T=Z.G/. Fix a finite Galois extension L=Q and
consider triples .G0; i 0; /, where .G0; i 0WT 0 ,! G0/ is isomorphic to .G; i/ over L and  
is an isomorphism .G; i/Af ! .G0; i 0/Af (i.e., an isomorphism GAf !G0Af carrying iAf
into i 0Af ). Given such a triple, choose an isomorphism aW.G; i/L! .G0; i 0/L and define

ˇ D ˇ.G0; i 0; / 2 xT .Af ˝L/ by the equation  ıˇ D a. Let x̌ be the image of ˇ in
xT .Af ˝L/= xT .L/. Then .G0; i 0; /! x̌.G0; i 0; / defines a one-to-one correspondence

fisomorphism classes of triples .G0; i 0; /g $ . xT .Af ˝L/= xT .L//Gal.L=Q/:

Now consider i W.T;h/ ,! .G;XC/. The element x̌.�;�h/ explicitly defined in [14, 3.18]
corresponds to a pair .�G; � i WT ,! G/ together with an isomorphism  � WGAf !

�GAf
carrying i into � i . These are the objects in (1.1). The composite

S T G;

�h

h � i

is the homomorphism whose associated cocharacter is ��h, and �XC is the �Gad.R/C-
conjugacy class containing �h.

One other fact we shall need concerns the class  of .�G;� i/ in H 1.Q; xT / (equal to the
image of x̌.�;�h/ under

. xT .Af ˝L/= xT .L//Gal.L=Q/ d
�!H 1.Gal.L=Q; xT .L//!H 1.Q; xT /:

The existence of  shows that the image of  in H 1.Q; xT / is zero for all finite `. Its image
in H 1.R; xT / is represented by ��.�1/=�.�1/ [14, 3.14].

1.5 REMARK 1.5. Theorem 1.1 (in fact, Conjecture Cı) is proved in ([5], [15]) for Shimura
varieties of abelian type. Since we shall need to make use of this result for groups of type A,
we outline the main steps in its proof. For a pair .G;XC/ with G the symplectic group and
XC the Siegel upper half-space, Theorem 1.1 is shown in [15, 7.17] to be a consequence
of a statement about abelian varieties of CM-type. This statement is proved in [5]. Let G
be of type A, and suppose that G is almost simple over Q. Then G can be embedded in a
symplectic group ([4, 2.3.10]), and the following easy lemma applied.

1.6 PROPOSITION 1.6. Let .G;XC/ satisfy (C) , and let xH be a reductive subgroup of Gad.
Suppose that some h 2 XC factors through xHR, and let XCH be the xH ad.R/C-conjugacy
class containing the composite h0 of h with xH ! xH ad. Assume that xH ad satisfies (C3), and
letH be the simply connected covering group of xH ad. Then .H;XCH / satisfies (C), and there
is an embedding Shı.H;XCH / ,! Shı.G;XC/ compatible with H.Af / ,! G.Af / under
which Œh0� 7! Œh�. If h is special, then so also is h0, and if (1.1) holds for .G;XC/ and h,
then it does also for .H;XCH / and h0.
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2 Morphisms of Shimura varieties
We say that a morphism �WShı.G;XC/! Shı.G0;X 0C/ of connected Shimura varieties is
finite and étale if, for every � 0 2˙.G0/, there exists a � 2˙.G/ such that

�� 0;� W� nX
C
! � 0nX 0C

is finite and étale.

2.1 PROPOSITION 2.1. Let .G;XC/ and .G0;X 0C/ satisfy (C), and let  WGAf !G0Af be an
isomorphism such that .G.Q/�

C
/DG0.Q/�

C
. For any finite étale morphism �WShı.G;XC/!

Shı.G0;X 0C/ compatible with  , there exists an element g 2G.Q/�
C

and an isomorphism
 0WG!G0 such that � D Shı. 0/ıg. In particular, � is an isomorphism.

PROOF. Choose an h 2XC and write �.Œh�/D g0Œh0�, some h0 2X 0C, g0 2G.Q/�
C

(see the
appendix). Let g�1 D  �1.g0/; then

� ıgWShı.G;XC/! Shı.G0;X 0C/

 ı adgWGAf !G0Af

satisfy the same conditions as � and  , and � ıgŒh�D Œh0�. It therefore suffices to prove the
following proposition. 2

2.2 PROPOSITION 2.2. In addition to the hypotheses of Proposition 2.1, suppose that there exist
h 2XC and h0 2X

0C such that �.Œh�/D Œh0�. Then  is defined over Q, and � D Shı. /.

PROOF. There exists a unique isomorphism z�WXC!X 0C lifting all the maps

�� 0;� W� nX
C
! � 0nX 0C

and sending h to h0. Let z�� be the map ˛ 7! z� ı˛ ı z��1WAut.XC/! Aut.X 0C/. For any

˛ 2Gad.Q/C � Aut.XC/;

z��.˛/ induces an automorphism of Shı.G0;X 0C/; in particular, it lies in the commensu-
rability group of any � 0 2 ˙.G0/ and therefore belongs to5 G0ad.Q/ (see [1, Thm 2]).
Consider a q 2 G.Q/C, and write q1 and qf for its images in Gad.Q/C and G.Q/�

C
.

Then q1 and qf define the same automorphism of Shı.G;XC/, and so z��.q1/ and
 .qf / define the same automorphism of Shı.G0;X 0C/. They therefore have the same
image in G0ad.Q/�^.relG0/ D G0.Q/�

C
�G0.Q/C G

0ad.Q/C. Therefore  .qf / 2 G0.Q/C
(and z��.q1/D  .qf / in G0ad.Q/C). As G.Q/C is Zariski dense in G, we conclude that  
is defined over Q. Write  0 for  regarded as a Q-rational map, and consider

Shı. 0/�1 ı�WShı.G;XC/! Shı.G;XC/:

It remains to show that this map is the identity. We know that it is finite and étale, maps
Œh� to Œ �10 ıh

0�, and commutes with the action of G.Q/�
C

. We have therefore to prove
the proposition in the case that G D G0 and  is the identity map. The equality noted
parenthetically in the last paragraph shows that in this case z��.q/D q for q 2G.Q/C=Z.Q/.
The real approximation theorem [3, 0.4] states that G.Q/C is dense in G.R/C, and so z�� is
the identity map on Gad.R/C. As z�� D ad z�, this means that z� centralizes Gad.R/C, which
implies that z� D id [18, II 2.6]. 2

5ms has a +
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2.3 COROLLARY 2.3. The map

G.Q/�C �G.Q/C G
ad.Q/C! Aut.Shı.G;XC//

induces an isomorphism

fg �˛ j adg D ˛�1 in Gad.Af /g
'
�! AutG.Q/C.Shı.G;XC//:

PROOF. An automorphism of Shı.G;XC/ commuting with the action of G.Q/C commutes
(by continuity) with the action of G.Q/�

C
. It can therefore be written g ıShı.˛/ for some

g 2G.Q/�
C

and ˛ 2 Aut.G/. In order for this map to commute with the actions of G.Q/C,
˛�1 and adg must be equal. In particular, ˛ must be an inner automorphism, i.e., ˛ 2Gad.Q/,
and so the map is that defined by g �˛. 2

2.4 COROLLARY 2.4. If Z DZ.G/ satisfies the Hasse principle for H 1, then

AutG.Q/C.Shı.G;XC//DZ.Af /\G.Q/�C=Z.Q/I

for example, if G is an adjoint group, then

AutG.Q/C.Shı.G;XC//D 1:

PROOF. The hypothesis implies that if an element of6 Gad.Q/C lifts to an element of
G.Af /, then it lifts to an element of G.Q/. 2

2.5 EXAMPLE 2.5. The last corollary applies to Shimura varieties defined by simply connected
groups without factors of type An, n � 8 (see 3.8 below). For these groups, G.Q/�

C
D

G.Af /, and so
AutG.Q/C.Shı.G;XC//DZ.Af /=Z.Q/:

The proposition can also be used to compute the automorphism groups of non-connected
Shimura varieties.

2.6 COROLLARY 2.6. Let .G;X/ satisfy7 [4, 2.1.1.1–2.1.1.3]; then the canonical map

.G.Af /=Z.Q/�/�G.Q/Gad.Q/! Aut.Sh.G;X//

induces an isomorphism

fg �˛ j adg D ˛�1 in Gad.Af /g
'
�! AutG.Af /.Sh.G;X//:

PROOF. Let � 2 AutG.Af /.Sh.G;X//:Then there exists a g 2G.Af / such that g ı� maps
Œh;1� to Œh;1� for some h 2 XC and h0 2 X 0C. Then g ı � maps Shı.Gder;XC/ into
Shı.Gder;XC/, so that we can apply Proposition 2.2. 2

2.7 COROLLARY 2.7. Assume in 2.6 that the centre Z of G satisfies the Hasse principle for
H 1 for finite primes. Then

AutG.Af /.Sh.G;X//DZ.Af /=Z.Q/�:

PROOF. This follows from 2.6 in the same way that 2.4 follows from 2.3. 2

6ms has no +
7That is, be a Shimura datum.
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3 Proof of a weak form of 1.1
This section is devoted to proving the following result.

3.1 PROPOSITION 3.1. Let .G;XC/ satisfy (C), and assume that G is simply connected; then,
for any automorphism � of C, there is a pair .G0;X 0C/ satisfying (C) for which there exist
compatible isomorphisms

�W� Shı.G;XC/! Shı.G0;X 0C/

 WGAf !G0Af :

We begin by recalling a theorem of Kazhdan. Let XC be a hermitian symmetric domain,
so that the identity component G of Aut.XC/ is a product of connected non-compact simple
real Lie groups. For � an arithmetic subgroup of G, the quotient � nXC carries a unique
structure of an algebraic variety, and so �.� nXC/ is defined, � 2 Aut.C/.

3.2 THEOREM 3.2 (KAZHDAN). (a) The universal covering space X 0C of �.� nXC/ is a her-
mitian symmetric domain.

(b) Let G0 be the identity component of Aut.X 0C/, and identify the fundamental group
� 0 of �.� nXC/ with a subgroup of G0; then � 0 is a lattice in G0.

PROOF. The assumption that � is an arithmetic subgroup of G means that there exists an
algebraic group G1 over Q and a surjective homomorphism f WG1.R/C!G with compact
kernel carrying an arithmetic subgroup of G1 into a group commensurable with � . If G1
is the symplectic group, then the theorem follows from the theory of moduli varieties of
abelian varieties. If G1 has no Q-simple factor G0 such that G0R is of type E6 or E7 or
has factors of both types DR and DH; then the Q-simple factors of G1 can be embedded in
symplectic groups, and this case follows from the last case. When � nXC is compact (so
that G1 has Q-rank zero), the theorem is proved in [6] (it apparently also follows from Yau’s
theorem [21] on the existence of Einstein metrics). The remaining cases are treated in [7].2

3.3 REMARK 3.3. If � is irreducible (for example, if G1 is Q-simple), then � 0 is also irre-
ducible because otherwise �.� nXC/, and hence � nXC, would have a finite étale covering
that was a product. Consequentely, when rankRG0 > 1, Margulis’s theorem [10, Thm. 1]
shows that � 0 is arithmetic.

Let .G;XC/ be as in the statement of 3.1. In proving the proposition, we can assume
that G is almost simple over Q and is not of type A (because when G is of type A, we known
much more — see 1.5). This last assumption implies that G` is not compact for any `.

Choose a compact open subgroupK ofG.Af / containingZ.Q/, and let � DG.Q/\K
be the corresponding congruence subgroup. Then

ShıK.G;X
C/DG.Q/nXC�G.Af /=K D � nXC:

On applying 3.2, we obtain a symmetric hermitian domain XC1 , a real Lie group G0 such that
G0 D Aut.XC1 /

C, and an irreducible lattice � 0 in G0 such that � Shı.G;XC/D � 0nXC1 .
For any g 2 G, let �g D � \g�1�g. There are two obvious maps 1;gW�gnXC�

� nXC, namely, the projection map and the projection map preceded by left multiplication
by g. On applying � , we obtain maps

�.�gnX
C/ �.� nXC/D � 0nXC1 :

�.1/

�.g/
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Choose XC1 ! �.�gnX
C/ so as to make the following diagram commute with the upper

arrows, and choose zg to make it commute with the lower arrows:

XC1 XC1

�.�gnX
C/ � 0nXC1 :

id

zg

�.1/

�.g/

(3.3.1)

The double coset � 0zg� 0 � Aut.XC1 / is well-defined, and we let

�0 D
[

g2G.Q/

� 0zg� 0:

Then �0 is a subgroup of Aut.XC1 / and is independent of the choice of K. (In [7] , it is
denoted by G� :/

There is a map  7! f W�0!G.Af /=Z.Q/ that can be characterized as follows: for
all � DK\G.Q/ (as above), and all g 2G.Q/\fK, the diagram (3.3.1) commutes with
zg replaced by  . We therefore have a canonical embedding

 7! .1;f /W�0! Aut.XC1 /�G.Af /=Z.Q/:

Both 1 and f act on �M ı.G;XC/, the first through its action on XC1 and the second
through its action on M ı.G;XC/. These actions are equal.

3.4 LEMMA 3.4. Regard �0 as a subgroup of G.Af /=Z.Q/.
(a) �0 is dense in G.Af /=Z.Q/.
(b) �0\Z.Af /=Z.Q/D 1:
(c) For any compact open subgroup K of G.Af / containing Z.Q/,

� ShıK.G;X
C/D .�0\K=Z.Q//nXC1 D �0nX

C
1 �G.Af /=K:

PROOF. (a) It is clear from the definition of  7! f that, for any K, the map �0 !
G.Af /=Z.Q/K is surjective.

(b) Suppose that the element  of �0 is such that f 2Z.Af /=Z.Q/.8. Then the remark
preceding the statement of the lemma shows that 1 centralizes �0 in G0. As �0 has finite
covolume in G0, this implies that 1 is in the centre of G0 [17, 5.4, 5.18], and so 1 D 1.

(c) We can assume that K is the group used in the construction of �0. It is then clear
that � 0 D �0\K=Z.Q/. The second equality follows from the first and (a). 2

Later we shall show that �0 is contained in the identity component G0 of Aut.XC1 /, but
for the present we define � C0 D �0\G

0.
We now fix an integral structure on G and define, for any finite set S of finite primes,

G.Af;S /D
Y
`2S

G.Q`/�
Y
`…S

G.Z`/:

Let �0;S D �0 \G.Af;S /; then � C0;S
def
D �0;S \ �

C
0 can be regarded as a subgroup of

G0S
def
DG0�

Q
`2S G`.

8Misprint fixed
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3.5 LEMMA 3.5. The group � C0;S is an irreducible lattice in G0S .

PROOF. It follows from 3.4(c) that �0 is a discrete subgroup of G0�G.Af /, and therefore
� C0;S is a discrete subgroup of G0�G.Af;S /. As

Q
`¤S G.Z`/ is compact, the projection

G0S �
Q
`…S G.Z`/!G0S takes discrete groups to discrete groups [20, p. 4], and so � C0;S is

discrete in G0S .
Let U be a compact open subgroup of

Q
`2S G`, and let

� D .U �
Y
`…S

G.Z`//\� C0 :

Then U�0;SnG0S D �
0nG0, which carries a finite invariant measure. It follows that �0;S is

of finite covolume in G0S .
Our assumption thatG is almost simple over Q implies that �0;S is irreducible (cf. 3.3).2

Now assume that S is nonempty and sufficiently large that rank.G0S / � 2:Then Mar-
gulis’s theorem [10, Thm 7] shows that � C0;S is arithmetic. More precisely, there is the
following result.

3.6 LEMMA 3.6. There exists an algebraic group G1 over Q and a map  S WG1S !G0S , where
G1S DG1R�

Q
`2S G1;`;having the following properties:

(a) there exists an S-arithmetic subgroup �S in G1.Q/ such that  S .�S / is commensu-
rable with � C0;S I

(b) write  S D  1�
Q
`2S  `; then  1 is surjective with a compact kernel, and each

 ` is an isomorphism.
Moreover, .G1; S / is uniquely determined by the conditions (a) and (b).

Margulis’s theorem gives us a pair .G1; S / satisfying (a) and such that  S is surjective
with compact kernel. We can suppose that �S is irreducible. Then G1 is almost simple over
Q, and so cannot be of type A. Therefore, G1` does not have any compact factors and  `
must be an isomorphism.

Let � be a subgroup of �0;S of finite index, and let

A� D f.f`/ 2
Y

`2S
� .G`;OG`/ j f`.�/ 2Q; f`.�/D f`0.�/, all `;`0 2 S; � 2�g:

Then, for all sufficiently small �, A� is independent of � and SpecA� DG1. The proves
the uniqueness.

When we enlarge S , to S 0 say, then G1 does not change and  S 0 jG1;S D  S . We
therefore get a map

 D  1� f WG1R�G1Af !G0�GAf

such that, for all finite S ,  f .G1;S is commensurable with �0;S , where G1;S DG1.Q/\
G1.Af;S /. Let Gcomp

1 be the product of the anisotropic factors of G1R, and consider9

G1.R/ .G1=G
comp
1 /.R/�G1.Af /

�0 Aut.XC1 /�G.Af /=Z.Q/

x 

9Misprint fixed.
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For any finite set S , x�0;S
def
D x �1.�0;S / is commensurable with G1.Q/S . Ultimately, we

shall show that �0 DG1.Q/=Z.Q/, but we begin with a weaker result.

3.7 LEMMA 3.7. The group �0 �  .G1.Q// �Z.Af;S /.

PROOF. Let  2 �0, and let x 2 Aut.XC1 /�G1.Af / map to  regarded as an element of
Aut.XC1 /�G.Af /=Z.Q/. For large enough S ,  2 �0;S , and ad z maps z�0;S into z�0;S .

Choose an irreducible representation T WGad
1 ,! GLn of Gad

1 , and consider the represen-
tation ad z ıT of z�0;S \G1.Q/. The Zariski closure of .ad z ıT /. z�0;S \G1.Q// in GLn
is T .Gad

1 /, and so Œ10; Thm 8] can be applied to show that there is a morphism x̨WG1!Gad
1

whose restriction to z�0;S is ad z . Lift x̨ to an isomorphism ˛WG1 ! G1. Then ˛ and
ad z agree on a subgroup of z�0;S of finite index (therefore, also on a subgroup of G1.Q/S
of finite index). As �0;S is dense in

Q
`2S G.Q`/=Z.Q/, this shows that ˛ D ad onQ

G.Q`/=Z.Q/. In particular, ˛ is an inner automorphism i.e., ˛ 2Gad
1 .Q/. Moreover, ˛

has the property that it lifts to G1.Q`/ for all ` 2 S , and hence for all ` because we can
extend S . The next lemma shows that this implies that ˛ lifts to an element ˛1 2 G1.Q/.
This element ˛1 has the same image as  in Aut.XC1 /�G

ad.Af /, which completes the
proof. 2

3.8 LEMMA 3.8. LetG be a simply connected semi-simple group over a number field k, and let
Z DZ.G/. Then10 H 1.k;Z/!

Q
v finiteH

1.kv;Z/ is injective provided G has no factors
of type An, n� 4:

PROOF. We can assume that G is absolutely almost simple. Then Z.xk/D Z=2Z�Z=2Z
or Z=nZ; n� 4. If Z.xk/DZ.k/, then the result is obvious from class field theory. In any
case, Z.xk/D Z.L/ for L a Galois extension of k with Galois group S3 or Z=nZ, n � 3.
The exact sequence

0!H 1.L=k;Z/!H 1.k;Z/!H 1.L;Z/

shows that it suffices to prove that H 1.L=k;Z/!
Q
vH

1.Lv=kv;Z/ is injective. In fact,
it suffices to do this with k replaced by the fixed field of a Sylow subgroup of Gal.L=k/.
But then the Galois group is cyclic, and the result is obvious. 2

Lemma 3.7 implies that �0 and G1.Q/ have the same image in Gad.Af /D Gad
1 .Af /.

If we form the quotient of Shı.G;XC/ by the action of Z.Af /, we get that

Z.Af /nShı.G;XC/D Shı.Gad;XC/:

Therefore,

� Shı.Gad;XC/D �0Z.Af /nXC1 �G.Af /
DG1.Q/ �Z1.Af /nXC1 �G1.Af /
D Shı.Gad

1 ;X
C
1 /:

We have proved Proposition 3.1 with G replaced by Gad. An argument of Borovoi (see
5.2a below; it is not necessary to assume there that G is simply connected) shows that
the map Gad

Af !Gad
1Af defined by  identifies Gad

1 with an inner form of Gad. Therefore,

10Misprint fixed.
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 f WGAf ! G1Af has the same property, and so  f jZ.G/ is defined over Q, i.e.,  f
identifies Z def

DZ.G/ with Z1
def
DZ.G1/.

From 3.4 we know that �0\Z.Af /=Z.Q/D 1. Therefore any element g ofG1.Q/=Z.Q/
can be written uniquely as g D  � zg ,  2 �0, zg 2 Z.Af /=Z.Q/. The map g 7! zg is a
homomorphism

G1.Q/=Z.Q/!Z.Af /:

If we knew, as is conjectured, thatG1.Q/=Z.Q/ is simple, then this homomorphism will have
to be zero, and we will have achieved out immediate goal of showing thatG0�G1.Q/=Z.Q/.
Instead, we argue as follows.

Let F be a totally real Galois extension of Q with Galois group�; let G� D ResF=QGF
and let XC� be such that there is an embedding

.G;XC/ ,! .G�;X
C
� /:

Then � acts on G� and XC� , and G is the unique subgroup of G� such that
Q
ı2�GF

.ı1;:::/
�!

.G�/F is an isomorphism. The group � continues to act when we make the above construc-
tions for .G�;XC� /. In particular, � acts on G1� and there is an inclusion G1 ,!G1� that
identifies G1� with ResF=QG1. We can conclude:

3.9 LEMMA 3.9. For any F as above, the diagram

G1.Q/=Z.Q/ Z.Af /=Z.Q/

G1�.Q/=Z�.Q/ Z�.Af /=Z�.Q/

g 7!zg

g 7!zg

commutes, where Z� D ResF=QZ.

Let  2G1.Q/; we shall show that .mod Z.Q// 2 �0.

3.10 LEMMA 3.10. There exist fundamental maximal tori Ti �G1, i D 1; : : : ;k, and elements
i 2 Ti .Q/ such that  D 1 � � �k .

PROOF. Let U be the set of g 2G1.R/ such that the centralizer of g is a compact maximal
torus. Then, the usual argument using the Lie algebra, shows that U is open in G1.R/.
Moreover, U generates G1.R/. Let  D  01 � � �

0
k

with  0i 2 U . According to the real
approximation theorem, the set G1.Q/\U is dense in U . We can therefore choose i 2
G1.Q/\U , i D 2;3; : : : ;k, so close to  0i that 1

def
D .2 � � �k/

�1 also lies in U . As
1 2G1.Q/, the elements 1; : : : ;k fulfill the requirements of the lemma. 2

Thus, we can assume that  2 T .Q/ � G.Q/, where T is a maximal torus such that
T .R/ is compact. This last condition on T implies that T splits over a CM-field L, which
can be chosen to be Galois over Q. Let F be the maximal totally real subfield of L and let
G� D ResF=QG. The construction of Borovoi recalled below in �4 gives a reductive group
H˛ of type A1 such that T� �H˛ �G1�. After possibly extending F , we can assume that
no .H˛/` is anisotropic. Consider

 2G1.Q/=Z.Q/ Z.Af /=Z.Q/

G1�.Q/=Z�.Q/ Z�.Af /=Z�.Q/:
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Note that  2H˛.Q/=Z�.Q/\H˛.Q/. A theorem of Platonov and Rapinchuk [16] shows
that H˛.Q/ has no non-central normal subgroup. Therefore, the lower map is zero on
H˛.Q/=Z�.Q/\H˛.Q/ and so  maps to zero. It therefore lies in �0.

We have shown that �0 �G1.Q/=Z.Q/. Therefore, for any compact open K �G.Af /
containing Z.Q/, we have a finite étale map

�0nX
C
1 �G.Af /=K!G1.Q/nXC1 �G1.Af /=K:

We therefore have a finite étale map

� Shı.G;XC/! Shı.G1;XC1 /;

which is G.Af /-equivariant when we identify GAf with G1Af by means of  f . When we
apply ��1 to this map, and repeat the whole of the above construction for .G1;XC1 / and
��1, we obtain maps

Shı.G;XC/! ��1Shı.G1;XC1 /:

The composite map satisfies the hypotheses of 2.1 and therefore is an isomorphism. This
implies that the first map

Shı.G;XC/! ��1Shı.G1;XC1 /

is an isomorphism and, on applying ��1, we get that

� Shı.G;XC/! Shı.G1;XC1 /

is an isomorphism. This is what we had to prove.

3.11 COROLLARY 3.11. Suppose in 3.2 that � is a congruence subgroup, i.e., that there exists a
simply connected semisimple groupG1 over Q and a surjective homomorphism f WG1.R/!
G with compact kernel carrying a congruence subgroup of G.Q/ into a subgroup of �
with finite index. Then �.� nXC/ is the quotient of a hermitian symmetric domain by a
congruence group.

4 Embedding forms of SL2 into G.
In this section, we recall some results of Borovoi [2] . Let .G;XC/ satisfy (C), and let
.T;h/� .G;X/.

4.1 4.1. Throughout this section, we assume that the following conditions hold:
(a) G D ResF=QG0, where F is totally real and G0 is absolutely almost simple;
(b) the maximal torus T 0 � G0 such that ResF=QT 0 D T splits over a quadratic, totally

imaginary extension L of F .

4.2 REMARK 4.2. The condition (b) implies that T 0, and any subtorus, is a product of one-
dimensional tori, and therefore satisfies the Hasse principle for H 1.

As T 0L is split, we can write

LieG0L D LieT 0L˚
M
˛2R

.LieG0L/˛;
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where R D R.G0C;T
0
C/. An ˛ 2 R is said to be totally compact if it is a compact root of

.G0˝F;� R/C for all embedding � WR ,! R. Let Rntc denote the set of roots that are not
totally compact. Then, for ˛ 2Rntc,

h0˛
def
D LieT 0L˚ .LieG0L/˛˚ .LieG0L/�˛

is defined over F , and we let H 0˛ denote the corresponding connected subgroup of G0. Write
H˛ D ResF=QH 0˛ and Z˛ DZ.H˛/.

4.3 PROPOSITION 4.3 (BOROVOI, ONIS̆C̆IC).

Z.G/D
\
˛2Rntc

Z˛:

PROOF. From the formula Œp;p�D h, valid whenever gD h˚p is the Cartan decomposition
of a non-compact real Lie algebra, it follows that RntcCRntc �R. Thus\

˛2Rntc

Z.H 0˛/D
\
˛2Rntc

Ker.˛/D
\
˛2R

Ker.˛/DZ.G0/;

and the proposition follows by applying ResF=Q. 2

4.4 COROLLARY 4.4. Let xT DT=Z and xZ˛DZ˛=Z, whereZDZ.G/. Regard xZ˛.Af /= xZ˛.Q/
as a subgroup of xT .Af /= xT .Q/. Then\

˛2Rntc

xZ˛.Af /= xZ˛.Q/D 1:

PROOF. This follows easily from the fact that
T
˛2Rntc xZ˛ D 1. 2

5 Completion of the proof of Theorem 1.1
In this section, we use the methods of Borovoi [2] to deduce 1.1 from 3.1.

Let .G;XC/ satisfy (C), and let .T;h/� .G;XC/. For any q 2 T .Q/, qŒh�D Œh�, and
so there is a representation �h of T on the tangent space th to Shı.G;XC/ at Œh�.

5.1 LEMMA 5.1 (cf. [2, 3.2, 3.3]). (a) We have �h �
L
˛, ˛ 2R.GC;TC/; h˛;�hi D 1.

(b) Suppose that .G;X 0C/ also satisfies (C), and that .T 0;h0/ � .G;X 0C/; if �h � �h0 ,
then hD h0 (and X 0C DXC/:

PROOF. (a) According to (C1), there is a decomposition of gD Lie.G/,

gC D g0;0˚pC˚p�

such that Ad�.z/ acts trivially on g0;0, as z on pC, and as z�1 on p. Thus, g˛ � pC if and
only if ˛.�.z//D z, i.e., h˛;�i D 1. The canonical maps p '

�! th and p ,! pC D pC˚p�

induce a C-linear equivariant isomorphism pC '
�! th (see [4, 1.1.14]).

(b) It follows from [4, 1.2.7] that X 0C DXC. Since

f˛ j h˛;�hi D 1g D f˛ j h˛;�h0i D 1g;

h and h0 define the same Hodge filtration on Lie.G/, but this implies that they are equal [4,
p. 254]. 2
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5.2 PROPOSITION 5.2 (BOROVOI [2]). Let .G;XC/, .G0;X 0C/, and �;�; and  be as in 3.1.
Consider i W.T;h/ ,! .G;XC/.

(a) There exists an inclusion i 0WT ,!G0 and a g 2G.Af / such that ıad.g/ı iAf D i
0
Af .

(b) There exists an h0 2X 0 factoring through i 0 such that �h0 D ��h (as maps into T ).
(c) The pair .G0;j 0/ is a form of .G;j /; its class in H 1.Q; xT /, xT def

D T=Z.G/, has image
zero in H 1.Q`; xT / for all `¤1 and is represented by ��h.�1/=�h.�1/ for `D1.

PROOF. (a) Let �.�Œh�/ D g0Œh0�, h0 2 X 0C, g0 2 G.Af / (see the appendix). For any
t 2 i.T .Q//, t Œh�D Œh�, and so  .t/g0Œh0�D g0Œh0�, i.e.,

.g0�1 .t/g0/Œh0�D Œh0�:

This implies that g0�1 .t/g0 2G0.Q/. Let g D  �1.g0�1/; then  ı adg ı i WTAf !G0Af
maps T .Q/ intoG0.Q/. As T .Q/ is Zariski dense in T , this means that  ıadgı i is defined
over Q; we denote it by i 0.

(b) Let h0 be as in (a); then �h0 D ��h because .� ıg/.�Œh�/D Œh0� and � ıg is T .Q/-
equivariant. Therefore (b) follows from 5.1(b).

(c) As  ı adg is an isomorphism .G; i/Af
�
�! .G0; i 0/Af , it is clear that the class of

.G; i/ in H 1.Q`; xT / is trivial for all finite `. The element ad�.�1/ is a Cartan involution
on G; therefore the class of �.�1/ in H 1.R; xT / corresponds to the (unique) compact form
of GC. Similarly, the class of ��.�1/ corresponds to the compact form of G0C DGC. The
conclusion is now clear. 2

5.3 REMARK 5.3. If in 5.2, we replace � with � ıg and  with  ı ad.g/, then � and  are
still compatible, but now �.�Œh�/D Œh0� and  ı i D i 0.

COROLLARY 5.4. Consider .T;h/
i
,! .G;XC/, and assume thatG is simply connected and

that xT def
D T=Z.G/ satisfies the Hasse principle for H 1. Let .T; �h/

� i
,! .�G; �XC/ be as in

�1. Then there exist isomorphisms

�W� Shı.G;XC/! Shı.�G; �XC/

 WGAf !
�GAf

such that
(a) �.�Œh�/D Œ�h�I
(b) � and  are compatible;
(c)  ı iAf D

� iAf .

PROOF. Let .G0;X 0C/ be as in 3.1, and let i 0WT 0 ,! G0 and h0 2 X 0C be as in 5.2(a) and
5.2(b). Choose � and  as in 5.3. Then 5.2(c) shows that there exists an isomorphism
.G0; i 0/! .�G; � i/ (cf. 1.4), and 5.2(b) shows that the isomorphism carries h0 into �h. The
corollary is now clear. 2

We now prove Theorem 1.1. Let .G;XC/, h, and � be as in the statement of 1.1. We can
assume that G is almost simple over Q. Then G D ResF1=QG1 for some totally real field F1
and absolutely almost-simple group G1. Let .T;h/� .G;XC/ and let T1 be the maximal
torus in G1 such that ResF1=QT1 D T . As TR is anisotropic, T1 splits over a CM-field
L � F . Let F be the maximal totally real subfield of L, and let G� D ResF=QG0, where
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G0 DG1F . Let h� be the composite of h with the canonical inclusion G ,!G�. Then the
G�.R/C-conjugacy class X� containing h�, together with G�, satisfy (C), and 1.6 shows
that it suffices to prove 1.1 for .G�;X�/ and h�. This allows us to assume that the original
objects, .T;h/ ,! .G;XC/, satisfy 4.1.

Let � and  be isomorphisms as in 5.4. As both  and  � (see �1) are isomorphisms
.G; i/Af ! .�G; � i/Af , there exists a t 2 xT .Af / such that  � D ad.t/ ı . To any non
totally compact root ˛, there corresponds a subgroup H˛ of G containing T (see �4).

Let H 0˛ D H
der
˛ , and let XC˛ be the H ad

˛ .R/C-conjugacy class containing h˛
def
D .S

h
�!

H˛!H ad
˛ /. Then � maps � Shı.H 0˛;X

C
˛ / into Shı.�H˛; �XC˛ / because it map �.gŒh˛�/ to

ad t�1. � .g//Œ�h˛� for all g 2H 0˛.Af / andH 0˛.Af / � Œh˛� is dense in Shı.H 0˛;X
C
˛ /. Since

H 0˛ is of type A1, we know 1.1 for it: there exists an isomorphism �� W� Shı.H 0˛;X
C
˛ /!

Shı.�H 0˛;
�XC˛ /, compatible with  � , and taking �Œh˛� to Œ�h˛�. The map

��1.��1� ı�/WShı.H 0˛;X
C
˛ /! Shı.H 0˛;X

C
˛ /

fixes Œh˛� and is compatible with ad t WH 0˛.Af /!H 0˛.Af /. Therefore, 2.2 shows that ad t ,
regarded as an element of H ad

˛ .Af /, lies in H ad
˛ .Q/, i.e., t 2 xZ˛.Af /= xZ˛.Q/. Now 4.4

shows that t 2 xT .Q/, and so � ı t and ad.t/ı fulfill the requirements of the theorem.

6 Compatibility of the maps �� for different special
points.

Let .G;XC/ satisfy (C), and let .T;h/� .G;XC/. Then Langlands’s constructions lead to
the definition of a map

 � D .g 7!
�g/WGad.Q/C^.rel:G/ �! �Gad.Q/C^.rel: �G/

that is compatible with the maps of the same name,

G.Af /! �G.Af /; Gad.Af /! �Gad.Af /

(see [14, �8])).

6.1 PROPOSITION 6.1. Assume that G is simply connected, and let �� be an isomorphism
� Shı.G;XC/! Shı.�G; �XC/ with the properties (a) and (b) of 1.1. Then 1.1(b) holds
for all g 2Gad.Q/C^.rel: �G/:

PROOF. Let G� D ResF=Q.GF / for some totally real field F , and let h� be the composite
of h with G ,!G�. Then there is a commutative diagram

� Shı.G;XC/ Shı.�G; �XC/

� Shı.G�;XC� / Shı.�G�; �XC� /:

��

��

Here .�G; �XC/ and .�G�; �XC� / are defined using h and h�. This shows that �� (for G)
is compatible with the action of g for all g 2 G�.Af / (any F ) and all g 2H˛.Q/C (any
H˛ �G�; see �4), but these elements generate a dense subgroup of Gad.Q/�^.rel: G/. 2
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6.2 REMARK 6.2. Theorem 1.1 and 6.1 prove part (a) of Conjecture Cı (see [14, p. 340]) for
simply connected groups.

We shall now need to consider two special points h and h0 for a given .G;XC/:To
distinguish the objects �G, �X , �� ; : : :constructed relative to h from the similar objects
constructed relative to h0, we shall write the form �;hG, �;hXC, ��;h, . . . .

Let x̌.�;h/ and x̌.�;h0/ be the elements of .Gad.Af ˝L/=Gad.L//Gal.L=Q/ correspond-
ing to h and h0 respectively (see 1.4). Then images of x̌.�;h/ and x̌.�;h0/ inH 1.Q;Gad/ are
trivial at the finite primes and are equal at the infinite primes (see [15, p. 315–318]). As Gad

satisfies the Hasse principal for H 1 ([9,VII.6], this shows that x̌.�;h/ and x̌.�;h0/ have the
same image in H 1.Q;Gad/ and therefore B def

D x̌.�;h0/ x̌.�;h0/�1 lies in Gad.Af /=Gad.Q/.
Moreover, there is an isomorphism f W�;hG!�;h0 G such that

fAf D  �;h0 ıB ı 
�1
�;hW

�;hG.Af /!�;h0 G.Af /:

Define
�ı.� Ih0;h/WShı.�;hG; �;hG.Af //

'
�! Shı.�;h

0

G; �;h
0

G.Af //

to be .�;h
0

B/�1 ıShı.f /. It carries the action of �;hg, g 2G.Af /, into the action of �;h
0

g.
(See [15, p. 312–318].)

6.3 THEOREM 6.3. Assume that G is simply connected; then, for any special h;h0 2XC, the
diagram

� Shı.G;XC/ Shı.�;hG;�;hXC/

Shı.�;h
0

G; �;h
0

XC/

��:h

��;h0
�.� Ih0;h/

commutes.

PROOF. We first prove this under the assumption that h0 D adq ıh, q 2Gad.Q/C. In this
case, B D q (see [15, 9.1]), so that

Shı.f /D .�;h
0

q/ı�ı.� Ih0;h/D �ı.� Ih0;h/ı .�;hq/:

Consider the diagram

� Shı.G;XC/ Shı.�;hG;�;hXC/

� Shı.G;XC/ Shı.�;hG;�;hXC/

Shı.�;h
0

G;�;h
0

XC/

��;h

�.q/ �;hq

Shı.f /��;h

��;h0
�ı.� Ih0;h/

The upper square commutes because of (6.1). The outside of the diagram commutes because
both maps send Œh� to Œ�h0�D Œf ı� h� and the action of �.g/ to that of �;h

0

g. Thus, the lower
triangle commutes. 2

Before proving the general case, we need some lemmas.
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6.4 LEMMA 6.4. Consider an inclusion i W.G;XC/ ,! .G0;X 0C/. Theorem 6.3 holds for h and
h0 (as elements of X ) if and only if it holds for i ıh and i ıh0.

PROOF. Since i induces an embedding Shı.G;XC/ ,! Shı.G0;X 0C/ and the maps ��;iıh,
��;iıh0 , and �.� I i ıh0; i ıh/ restrict to ��;iıh, ��;iıh0 , and �.� I i ıh0; i ıh0/ the sufficiency
is clear. The necessity follows from the facts that G0.Q/CŒi ıh� is dense in Shı.G0;X 0C/
and ��;iıh0 and �.� I i ıh0; i ıh/ı��;iıh have the same behaviour with respect to the Hecke
operators. 2

6.5 LEMMA 6.5. If (6.3) is true for the pairs .h;h0/ and .h;h00/, then it is also true for the pair
.h;h00/.

PROOF. This is immediate, since �.� Ih00;h0/ı�.� Ih0;h/D �.� Ih00;h/. 2

6.6 LEMMA 6.6 (BOROVOI). Let G be a simple noncompact group over R, and let X be a
G.R/-conjugacy class of homomorphisms S!G satisfying (C1) and (C2). Suppose that the
elements h;h0 of X factor through the same maximal torus T �G. Then h0 D h or h�1.11

PROOF. Let K1 be the centralizer of h.S/. Then [4, 1.2.7], K1 is a maximal connected
compact subgroup of G. The pair .G;T / determines the set of compact roots in R.GC;TC/,
which determines K1. The centre Z of K1 is 1-dimensional (loc. cit.), and h defines an
isomorphism S=Gm!Z; it is therefore determined up to sign. 2

We now complete the proof of 6.3. As usual, we can assume thatG is almost simple over
Q, and therefore that G D ResF=QG1, where F is totally real and G1 is absolutely almost
simple. Let .T;h/ � .G;XC/ and .T 0;h0/ � .G;XC/, and let T1, T 01 � G1 be such that
ResF=QT1 D T and ResF=QT 01 D T

0. There exists a CM-field L splitting both T1 and T 01.
After replacing G with G� D ResF 0=QG1:F 0 , where F 0 is a maximal totally real subfield of
L, and using 6.4, we can assume that L is a quadratic extension of F . As T1;L and T 01;L
are split, there exists a ˇ 2 G1.L/ such that ˇT1ˇ�1 D T 01. Let c� D ˇ�1 ��ˇ, where �
generates Gal.L=F /. Then c� 2N.L/, where N is the normalizer of T , and so it defines a
class c 2H 1.L=F;N /. As �1v �v.ˇ/ 2N.C/ and

v.c� /D .
�1
v �v.ˇ//

�1
� �.�1v �v.ˇ//;

where � denotes complex conjugation, we see that c maps to 1 in H 1.Lv=Fv;N /. Let !v
be the image of �1v �v.ˇ/ in W.Lv/, where W D N=T . The image ! of c� in W.L/ is �
because v.!/D !�1v � �!v and � acts trivially on W.Lv/ (see [15, p. 307]). Thus c� 2 T .L/
and

c 2 Ker.H 1.L=F;T /!
M
v

H 1.Lv=Fv;N /:

The following diagram is useful:

N.F / W.F / H 1.L=F;T / H 1.L=F;N /

L
vN.Fv/

L
vW.Fv/

L
vH

1.Lv=Fv;T /
L
vH

1.Lv=Fv;N /:

11Misprint fixed.
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We now prove 6.3 by induction on l D
P
v l.!v/, where l.!v/ is the length of !v as

an element of W.C/. Suppose first that l D 0. Then �1v � v.ˇ/ 2 T .Lv/ and so c maps
to 1 in H 1.Lv=Fv;T / for all v. Note that T � U r for some r , where U is the unique
one-dimensional non-split F -torus split by L, and therefore H 1.L=F;T /� .F �=NL�/r .
The penultimate assertion shows that c is represented by a family .c1; : : : ; cr/ of totally
positive elements of F � . After adjoining

p
ci to F , i D 1; : : : ; r , we can assume c D 1.

Then c� D t�1 ��t for some t 2 T .L/, and so, after replacing ˇ with ˇt�1, we can assume
that it lies in G1.F /. Regard ˇ as an element of G.Q/. Lemma 6.5 and the first part of the
proof show that we need only prove the theorem for adˇ ıh and h0. This means that we can
assume that h and h0 factor through the same torus. But then they must be equal, because, in
the context of 6.6, h�1 does no lie in the same connected component as h.

Finally, suppose that l.!vo/ ¤ 0, say !vo D s˛!
0
vo

with l.!0vo/ < l.!vo/ and s˛ the
reflection corresponding to the root ˛. If ˛ is compact at v, then s˛ lifts to ˛ 2 N.Fv/
(see [15, p. 308]) and we can replace vo with vo

�1
˛ . Then !vo is replaced with !0vo and

we can apply the induction hypothesis. Suppose therefore that ˛ is not compact at v and
defineH 0˛ �G1,H 0˛ � T1,H 0˛ of type A1, as in �4. LetH˛ be the derived group ofH 0˛ and
let T˛ DH˛\T . Then T˛ � U , which implies that H 1.L=F;T˛/!

L
vH

1.Lv=Fv;T˛/

is surjective. Choose c˛ 2H 1.L=F;T˛/ mapping to .cv/, where cv D 1 for v ¤ vo and
cvo D ı.s˛/, where ı is the boundary map

W˛.Fvo/!H 1.Lvo=Fvo ;T˛/; W˛ DN˛=T˛;

N˛ DNorm.T˛/. Then c˛ maps to 1 in
L
vH

1.Lv=Fv;N˛/. The Hasse principle therefore
shows that c˛ splits in H 1.L=F;H˛/: .c˛/� D g�1 � �g, g 2 H˛.L/. Lift s˛ to n˛ 2
N˛.L/; then vo..c˛/� / D n�1˛ � �n˛ and so gn�1˛ 2 H˛.R/. Since we know the theorem
for ResF=QH˛, Lemma 6.4 allows us to replace .T;h/ with .adg ıT;ad.gn�1˛ /ıh/. This
replaces ˇ with ˇg�1, vo with von˛g

�1, v with vg�1, v¤ vo, !vowith gs�1˛ !vog
�1D

g!
0

vo
g�1; and !vwith g!vg�1, v ¤ vo. Thus

P
v l.!v/ is diminished, and we can apply

the induction hypothesis.

7 Conclusions
We have shown that Conjecture Cı of [15,p. 340–341] is true for .G;XC/ whenever G is
simply connected. As remarked in [15, 9.6], this implies the general case.

7.1 THEOREM 7.1. The conjecture of Langlands [8, p. 232–233] (see also [15, p. 311]) is true
for all Shimura varieties.

PROOF. In [15, 9.4], it is shown that this conjecture is equivalent to Conjecture Cı. 2

7.2 THEOREM 7.2. Canonical models (in the sense of [4, 2.2.5]) exist for all Shimura varieties.

PROOF. This follows from Theorem 7.1 by Weil’s descent theory ([8, p. 233-234], [15,
�7]).12

2

7.3 THEOREM 7.3. The conjecture of Langlands describing the action of complex conjugation
on a Shimura variety having a real canonical model [8, p. 234] is true.

12Better: Milne, J.S., Descent for Shimura Varieties, Michigan Math. J., 46 (1999), pp. 203–208
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PROOF. This again follows from Theorem 7.1. 2

7.4 THEOREM 7.4. The main theorems of [13], namely, 4.6 and 4.9, are true for all Shimura
varieties.

PROOF. They are proved in [13] under the assumption that G is classical and the canonical
model exists, but the first assumption is only used to simplify the proof of [13, Thm 1.3],
and we can instead deduce this theorem from Proposition 2.1 above. 2

7.5 REMARK 7.5. Theorem 7.4 gives a definitive answer to the question of Shimura [19, p. 347].

7.6 REMARK 7.6. For Shimura varieties of abelian type, 7.1, 7.2, and 7.3 were first proved in
([5], [15]), [4], and [12] respectively.

8 Appendix
We say that .G;XC/ satisfies (C) if G is a semisimple algebraic group over Q and XC is a
G.R/C-conjugacy class of homomorphisms S!Gad

R for which the following hold:
(C1) for all h 2XC, the Hodge structure on Lie.GR/ defined by h is of type

f.�1;1/; .0;0/; .1;�1/gI

(C2) adh.i/ is a Cartan involution on Gad
R ;

(C3) Gad has no nontrivial factors defined over Q that are anisotropic over R.
Such a pair .G;XC/ defines a connected Shimura variety Shı.G;XC/. The topology

�.G/ on Gad.Q/ is that for which the images of the congruence subgroups of G.Q/ form a
fundamental system of neighbourhoods of the identity, and

Shı.G;XC/D lim
 �

� nXC;

where the limit is over the set ˙.G/ of torsion-free arithmetic subgroups of Gad.Q/ that
are open relative to the topology �.G/. For h 2XC, Œh� and Œh�� denote the images of h in
Shı.G;XC/ and � Shı.G;XC/ def

D � nXC.
Every ˛ 2Gad.Q/C acts on Shı.G;XC/ by transport of structure:

˛Œh�� D Œ˛ ıh�˛.� /:

Every g 2G.Q/�
C

acts as follows: let � 2˙.G/ and let K be a compact open subgroup of
G.Af / such that � contains the image of K\G.Q/C; then g 2 qK for some q 2G.Q/C,
and

gŒh��
def
D Œadq ıh�q�g�1 :

These actions combine to give an action of G.Q/�
C
ÌGad.Q/C (semi-direct product for the

obvious action of Gad.Q/C on G.Q/�
C

). The map q 7! .q;adq�1/ identifies G.Q/C with a
normal subgroup of the product, and the quotient

G.Q/�C �G.Q/C G
ad.Q/C def

DG.Q/�CÌG
ad.Q/C=G.Q/C

continues to act on Shı.G;XC/. The completion of Gad.Q/C for the topology �.G/,
Gad.Q/C.relG/ is equal to G.Q/�

C
�G.Q/C G

ad.Q/C, and this identification is compatible
with the actions of the groups on Shı.G;XC/ (see [4, 2.1.6.2]).
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Any x 2 Shı.G;XC/ can be written x D gŒh� for some g 2 G.Q/�
C

and h 2 XC. For
suppose x� D Œh�� ; then, for any �1 � � , x�1 D �1 Œh� some �1 2 � ; let  D lim

�1!1
�1 ,

and let  D g �x; then x D Œh�D gŒ˛.h/�:
If G is simply connected, then G.Q/�

C
DG.Af /; moreover,

� Shı.G;XC/D � nXC DG.Q/nXC�G.Af /=K

ifK is a compact open subgroup ofG.Af / containingZ.Q/ and � is the image ofK\G.Q/
in Gad.Q/C.
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3. Deligne, Pierre., Travaux de Shimura. Séminaire Bourbaki, 23ème année (1970/1971),

Exp. No. 389, pp. 123–165. Lecture Notes in Math., Vol. 244, Springer, Berlin, 1971.
4. Deligne, Pierre., Variétés de Shimura: interprétation modulaire, et techniques de
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9. Langlands, R. P., Les débuts d’une formule des traces stable. Publications Mathématiques
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