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LEFSCHETZ MOTIVES AND THE TATE CONJECTURE

J.S. MILNE

ABSTRACT. A Lefschetz class on a smooth projective variety is an element of the
Q-algebra generated by divisor classes. We show that it is possible to define Q-linear
Tannakian categories of abelian motives using the Lefschetz classes as correspon-
dences, and we compute the fundamental groups of the categories. As an applica-
tion, we prove that the Hodge conjecture for complex abelian varieties of CM-type
implies the Tate conjecture for all abelian varieties over finite fields, thereby reduc-
ing the latter to a problem in complex analysis.
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INTRODUCTION

Grothendieck mainly envisaged constructing categories of motives by using as cor-
respondences all algebraic classes modulo an adequate equivalence relation. Unfor-
tunately, we know little about algebraic classes, and hence even less about these
categories. In our present state of ignorance, categories of motives constructed using
other correspondences, for example, those defined by Hodge classes, have proved to
be more useful, and have played an important role, for example, in the theory of
Shimura varieties.

In this article, we construct categories of motives using the algebraic classes we
do understand, namely, those in the Q-algebra generated by divisor classes, which
I call Lefschetz classes. It is not obvious that there are sufficient of these to define
a category of motives—for example, in general the direct image of a Lefschetz class
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2 J.S. MILNE

is not Lefschetz—but this is proved in Milne 1999a for Lefschetz classes on abelian
varieties.

In the first section of this paper, I explain how to define a category LMot(k)
of “Lefschetz motives” over any field k. It is generated by the motives of abelian
varieties, and its morphisms are the correspondences defined by Lefschetz classes. It is
a Q-linear semisimple Tannakian category whose fundamental group has a description
in terms of the simple isogeny classes of abelian classes. For abelian varieties of CM-
type over C and for abelian varieties over finite fields there are explicit classifications of
the isogeny classes, which we use to make explicit our description of the fundamental
groups (Sections 2 and 4). We also compute the homomorphisms of fundamental
groups corresponding to the functor taking a Lefschetz motive of CM-type over C
to the corresponding Hodge motive (Section 3) and the functor taking a Lefschetz
motive of CM-type over Q* to its reduction over the algebraic closure I of a finite
field (Section 5).

In the remaining two sections, we apply the theory to the Tate conjecture for
abelian varieties over finite fields. For an abelian variety A over IF, there is a cycle
class map into étale cohomology

{algebraic cycles on A of codimension r} — H* (A, Q)(r),

¢ # char(IF). The choice of a model Ay of A over a finite subfield F, of F determines an
action of Gal(F/F,) on H?"(A,Qu(r)). The Tate conjecture (Tate 1965, Conjectures
(a') and 1) predicts that, for all r,

(0.1) the kernel of the cycle class map is the group of cycles numerically
equivalent to zero, and its image spans the Q-space

727’(14) d:f U H2T(A,Qg(7"))Gal(]F/]F‘Z).
Ao [Fq

Statement (0.1) for A implies the similar statements for any model Ay of A over a
finite field—specifically, it implies the statements denoted E(Ag) and T'(Ap) in Tate
1994, and hence also the injectivity statement I(Ap) and the equality of the order of
the pole of the zeta function Z(Ao,t) of Ag at t = ¢~" with the rank of the group
numerical equivalence classes of algebraic cycles of codimension r (ibid. Theorem
2.9).

Tate proved the conjecture for » = 1, and various authors have shown that, in some

cases, Ty(A) 4 ®"7y(A) consists of Lefschetz classes. However, Wei (1993) showed
that, for a general simple isogeny class over F, some power of an abelian variety in
the class supports an “exotic” Tate class not in the Qs-algebra generated by divisor
classes. Therefore, to prove Tate’s conjecture, we need a new source of algebraic
cycles. Up to isogeny, every abelian variety over [F lifts to an abelian variety of CM-
type in characteristic zero, and one possibility is to use the algebraic classes obtained
by reduction from such a lifting, but without the Hodge conjecture, we know of very

few algebraic classes on an abelian variety of CM-type that are not already Lefschetz.
We prove (Theorem 7.1):

The Hodge conjecture for abelian varieties of CM-type over C implies the
Tate conjecture (0.1) for abelian varieties over F.
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The proof makes use of Jannsen’s theorem that the category of motives for numer-
ical equivalence is semisimple (Jannsen 1992).

Remark. (a) The proof of Theorem 7.1 does not show that every Tate class on an
abelian variety over F lifts to a Hodge class on an abelian variety of CM-type, even
up to isogeny. In fact, as Oort has pointed out, this is false. For a simple abelian
variety A over a field of characteristic zero,

ECEnd(4)®Q, Fafield, [E:Q]=2dimA = E isa CM-field,

whereas this is not true for abelian varieties over fields of nonzero characteristic. Let
E C End(A) ® Q be a counterexample over F, and let « generate FE over Q. Then
the graph of « does not lift to any lifting of A to characteristic zero.

Rather, the proof uses the Tannakian formalism to show that there are sufficiently
many algebraic classes conjecturally coming from abelian varieties of CM-type and
divisors to force the Tate conjecture to be true.

(b) For abelian varieties of CM-type, the Hodge conjecture is known to be equivalent
to the Tate conjecture (Pohlmann 1968). Therefore Theorem 7.1 can be restated
as follows: the Tate conjecture for abelian varieties of CM-type over number fields
implies the Tate conjecture for abelian varieties over finite fields.

(c) To prove the Hodge conjecture for an abelian variety A over C, it suffices to
construct enough vector bundles on A so that their Chern classes generate the Q-
algebra of Hodge classes. Because A is projective, it even suffices to construct the
vector bundles analytically. Therefore Theorem 7.1 reduces the proof of the Tate
conjecture for abelian varieties over finite fields to a problem in complex analysis.

Apart from the theory of Lefschetz motives developed in the first five sections, the
proof of Theorem 7.1 uses one further crucial result (Theorem 6.1) concerning the
relationship of the fundamental groups of various categories of motives.

In a later article (Milne 1999b), I shall use Theorem 6.1 to construct a canonical
category of “motives” over [F that

— has the “correct” fundamental group, and equals the true category of
motives if the Tate conjecture holds for abelian varieties over I,

— canonically contains the category of abelian varieties up to isogeny as
a polarized subcategory,

thereby resolving a problem that goes back to Grothendieck. The category of motives
plays the same role in describing the points on Shimura varieties with coordinates
in finite fields as Deligne’s category of Hodge motives does for their points with
coordinates in fields of characteristic zero (Milne 1995, 1999b).

Notations and conventions. For a field k, k* denotes an algebraic closure of k. Except
in Section 6, I' = Gal(Q¥/Q).

Complex conjugation on C is denoted by ¢. A CM-field is a field E algebraic over
Q admitting a nontrivial involution ¢y such that potrp = 1o p for all homomorphisms
p: E — C. The fixed field of 1g is called the real subfield of E. The composite of all
CM-subfields of Q is again a CM-field, which we denote Q™.

An algebraic variety over a field k is a geometrically reduced (not necessarily con-
nected) scheme of finite type over k.
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In general, groups act on the left. The action of 0 € I" on a map f: X — Y from
one I'-set to a second (possibly with trivial action on one set), is defined by the rule:

(cf)(z)=0o(f(c7'2)), z€X,ie,of =00 foo "

For a set (topological space) X, ZX denotes the set of (locally constant) functions
f: X — Z. When X is finite, we sometimes denote Z* by Z[X] and an element f of

ZX by asum Y . f(x)z.

“Vector space” and ‘“representation” mean “finite-dimensional vector space” and
“finite-dimensional representation”. For a vector space V over k, GL(V') denotes
either the algebraic group or its k-rational points.

“Algebraic group” means “affine algebraic group”. For such a group G, G(K) is
the set of points on G with coordinates in K, and G or Gk is G Xgpeck Spec K.

An algebraic group is of multiplicative type if it is commutative and its identity

component is a torus, and an affine group scheme over a field is of multiplicative

type if all of its algebraic quotients are. For such a group 7" over a field k, X*(7T) 4

Hom(7 a1, G, ja1) denotes the group of characters of 7" and X.(7T') the group of
cocharacters. We often identify X, (7") with the dual Hom(X*(T"),Z) of X*(T).

For an algebraic group G over a field K (or product of fields) of finite degree over

a field k, (G)k/k 4 Resk/,(G) is the algebraic group over k obtained by restriction
of scalars. For example, when K/k is separable, (G,,)x/x is the torus with character
group ZHomk(KK"),

Let (G, ti)icr be a family of pairs consisting of an algebraic group G; and a ho-
momorphism ¢;: G; — G,,. We define the product [[,.,(G;,t;) of the family to be
the pair (G,t) consisting of the largest subgroup of [[G; on which the characters
(gi)ier — tiy(gi,) agree and of the common restriction of these characters to G. It is
universal with respect to the maps (G,t) — (G, t;).

For abelian varieties A and B, Hom"(4, B) = Hom(A, B) ® Q.

In general, our conventions concerning tensor categories are those of Deligne and
Milne 1982. For a field k, a k-linear tensor category is an additive category C together
with

(a) a bi-additive functor ®: C x C — C and associativity and commutativity con-
straints satisfying the usual axioms (ibid. p104);
(b) an identity object 1 = (U, u) and an isomorphism k& — End(U).

A Tannakian subcategory of a k-linear Tannakian category is a k-linear subcategory
that is closed under the formation of sums, tensor products, subobjects, quotient
objects, and duals. It is again a Tannakian category.

To signify that objects X and Y are isomorphic, we write X = Y’; when a particular
isomorphism is given (or there is a canonical or preferred isomorphism), we write

X2Y. Also, X XY means that X is defined to be Y, or that X =Y by definition.
When z is an element of a set X on which there is an equivalence relation, we
sometimes use [x] to denote the equivalence class containing x.
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1. THE CATEGORY OF LEFSCHETZ MOTIVES
In this section we define the category of Lefschetz motives.

Preliminaries. Let ~ be an adequate equivalence relation on algebraic cycles, for
example, rational equivalence (rat), homological equivalence with respect to some
Weil cohomology theory (hom), or numerical equivalence (num). For a smooth pro-
jective variety X over a field k, Z7(X) will denote Q-vector space with basis the
irreducible subvarieties of X of codimension 7, and

CLX) = Z"(X)/~ .

Then C.(X) £ ¢,C7(X) becomes a graded Q-algebra under intersection product.
A regular map ¢: X — Y defines a homomorphism ¢*:C.(Y) — C.(X) of graded
Q-algebras and a homomorphism ¢.:C.(X) — C.(Y) of Q-vector spaces (which is
homogeneous of degree dimY — dim X if X and Y are equidimensional), related by
the projection formula:

¢:(x) -y =¢u(x-¢"y), z€C'(X), yel(Y).

We define D.(X) to be the Q-subalgebra of C.(X) generated by C!(X), i.e., by
the divisor classes. The elements of D..(X) are called the Lefschetz classes on X for
the relation ~. We list some properties of Lefschetz classes.

1.1. For any reqular map ¢: X —'Y, ¢* maps Lefschetz classes on'Y to Lefschetz
classes on X (for any adequate equivalence relation).

Because ¢* is a homomorphism of graded Q-algebras.
1.2. For any n and any adequate equivalence relation,
D.(P") = Q[t]/(t"*),
where t denotes the class of any hyperplane in P™, and for any X,
D.(X xP")=D.(X) @ D.(P").

This follows from the similar statement with D replaced by C.

Now let V(k) be the class of algebraic varieties over k& whose connected components
are products of projective spaces and varieties admitting the structure of an abelian
variety.

1.3. For any variety X in V(k), the diagonal Ax C X x X is a Lefschetz class
(for any adequate equivalence relation).

It suffices to prove this for the finest adequate equivalence relation, namely, rational
equivalence. For an abelian variety, there is an explicit expression of Ax as a Lefschetz
class in Scholl 1994, 5.9 (see also Milne 1999a, 5.10). To extend the statement to a
product abelian varieties and projective spaces, use (1.2).

Note that (1.1) and (1.3) imply that the graph I'y of any regular map ¢: X — Y
of varieties in V(k) is Lefschetz, because
Dy = (6 x idy )" (Ay).

1.4. For any reqular map ¢: X — Y of varieties in V(k), ¢ maps Dpum(X) into
Dnum(Y)'
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See Milne 1999a, 5.5.
Let X and Y be varieties in V(k), and let X = []X; be the decomposition of X
into its equidimensional components. Then
D (X xXY)=&D.(X; xY),
and we set
LCorr™(X,Y) = @;DImXitm(X; x Y).

num

The map

a, = foa < pxz«(Pxya - Py z0)
is a pairing
LCort™(X,Y") x LCort™(Y, Z) — LCort™™"(X, Z).
Define LCV°(k) to be the category whose objects are symbols hX, one for each
X € V(k), and whose morphisms are
Hom(hX,hY) = LCort’(X,Y).

The transpose of the graph of a regular map ¢: X — Y defines an element h¢ 4
['Ty] € LCorr®(Y, X), and h is a contravariant functor V(k) — LCV°(k).

1.5. For an abelian variety A of dimension g, there are unique elements p; €
LCorr(A, A) such that

(a) [Aa]=po+---+pg

(b) piop;=0ifi#j, and p;op; = pi;

(c) for any integer n, h(na) op; = n'[Aa] o p;, where ny is the endomorphism of A
“multiplication by n”.

This is proved in Scholl 1994, 5.2.

Now let X — H*(X) be a Weil cohomology theory (cf. the appendix to Milne
1999a), and write H**(X)(x) = ®&"H* (X)(r). By assumption, there is given a ho-
momorphism of graded Q-algebras cl: Crat(X) — & H?*(X)(x).

1.6. For a Lefschetz class x on a variety X € V(k), the following are equivalent:

(a) cl(z)-y =0 for all cohomology classes y;
(b) -y =0 for all algebraic classes y;
(¢) -y =0 for all Lefschetz classes y.

Clearly (a) = (b) = (c), but (¢c) = (a) is proved in Milne 1999a, 5.2.

In particular, Dy is independent of the cohomology theory and equals Dyypm.
From now on, I drop the subscript. Thus “D(X)” means “Dypum(X)”, and “Lefschetz
class on X” means “element of D(X)".

The category of Lefschetz motives. The category LMot(k) of Lefschetz motives
is defined as follows. An object is a symbol h(X, e, m) where X is a variety in V(k),
e is an idempotent in LCorr®(X, X), and m € Z. If h(X, e, m) and h(Y, f,n) are two

motives, then

Hom(h(X,e,m),h(Y, f,n)) ={foaoe|aec LCorr" ™ (X,Y)}.
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The composite of two morphisms of motives is their composite as correspondences.
Exactly as in the usual case (Scholl 1994, §1), one shows that LMot (k) is a Q-linear
pseudo-abelian rigid tensor category, with
h(X,e,m)@h(Y, f,m) = h(X]]Y,e® f,m);
h(X,e,m)@hY, f,n) = h(X xY,e® f,m+n);
h(X,e,m)" = h(X,'e,d—m) if X has pure dimension d.
Moreover,

h(P",id,0) =1 L& --- @ L%

where L & (Speck,id, —1). The proofs of these facts use (1.1-1.5).

Note that hX < h(X,id,0) identifies LCV°(k) with a full subcategory of LMot(k).
Moreover, every motive is a direct sum of motives of the form h(A,e, m) with A an
abelian variety.

From (1.5), we find that LMot (k) has a canonical Z-grading for which h(A, p;, m)
has weight i—2m. This can be used to modify the commutativity constraint (Saavedra
1972, p365) to obtain the “true” category of Lefschetz motives. The method of
Jannsen 1992 shows that (1.6) implies that LMot(k) is a semisimple abelian category.
Finally, Deligne 1990, 7.1, implies that LMot (k) is Tannakian. In summary:

THEOREM 1.7. The category LMot(k) is a semisimple Q-linear Tannakian cat-
egory endowed with a canonical Z-grading w and a canonical (Tate) object T =
(Speck,id, 1).

The fundamental group of LMot (k). We now assume k to be algebraically closed,
and we fix a Weil cohomology theory X — H*(X) with coefficient field ). There is
a unique fibre functor wy: LMot(k) — Vecg such that wy(h(A)) = H*(A) for all
abelian varieties A.

Let H,(A) be the linear dual of H'(A), and let C'(A) be the centralizer of End"(A)
in End(H;(A)). A polarization \: A — AY of A determines an involution

a— ol L H (N o Hi(a¥) o Hy(A)
of End(H;(A)) whose restriction to C'(A) is independent of the choice of A\. The
Lefschetz group L(A) of A is the algebraic subgroup of GL(H;(A)) x Gy, such that
L(A)(R) ={(7.c) € (C(A) @ R)* x R* |71y =c}
for all Q-algebras R (Milne 1999a, 4.3, 4.4). It is reductive (not necessarily connected),
and (7, ¢) — ¢ is a homomorphism [(A): L(A) — G,, rational over Q).

Let hi(A) = h'(A)Y, and let (A)® be the Tannakian subcategory of LMot (k)
generated by hi(A) and T. Because h(A") = A\ h'(A") and hy(A") 2 (A& - @
hi(A), (A)® contains h(A") for all r. Let m(A) be the fundamental group of the
Tannakian category (A)® (in the sense of Deligne 1990, 8.13).

PROPOSITION 1.8. For every abelian variety A, there is a canonical isomorphism
wi(m(A)) = L(A).

PrROOF. We know (ibid. 8.13.1) that
wi(m(A)) = Aut®(wr[(4)%).
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Therefore the action of 7w(A) on hy(A) and T identifies wy (7(A)) with the subgroup
of GL(H1(A)) x G, fixing wg(¢) for all morphisms ¢ of objects in (4)®. On the
other hand, L(A) is the largest subgroup GL(H;(A)) X G,, fixing all Lefschetz classes
on A" for all r (Milne 1999a, 4.3). These two groups are equal. U

Let (L,1) = [[5(L(B),1(B)), where B runs over a set of representatives for the
simple isogeny classes of abelian varieties over k.

COROLLARY 1.9. Let m be the fundamental group of LMot (k). Then wg(w) is
canonically isomorphic to L.

PROOF. For any abelian variety A, (L(A),l(A)) = [[5(L(B),1(B)) where B runs
over a set of representatives for the simple isogeny factors of A (Milne 1999a, 4.7).
Therefore the corollary follows from the proposition by passing to the limit over A. [

REMARK 1.10. Let A be an abelian variety over k. For each Weil cohomology
theory H we have a Lefschetz group L(A)g, which is an algebraic group over the field
of coefficients of H. Proposition 1.8 shows each L(A)y is a realization of 7(A), which
should therefore be considered as the archetype for all the Lefschetz groups of A.
Unfortunately, w(A) is only an algebraic group in a Tannakian category, and hence
is a somewhat mysterious object. There are two situations in which 7(A) can be
identified with an algebraic group over Q in the usual sense. The first is when k& = C.
Here there is a canonical Weil cohomology theory with coefficients in Q, namely, the
Betti cohomology, and so we can identify 7(A) with the Betti Lefschetz group of A.
The second is when A has “many endomorphisms”, which we now explain.

For any k-linear Tannakian category T, the category Vec; of finite-dimensional
vector spaces over k can be identified with the full subcategory of T of objects on
which 7r(T) acts trivially. If w(T) = Sp(R) is commutative, then the action of 7(T)
on R is trivial, and so w(T) is an affine group scheme in the Tannakian category
Vec, C T, i.e., it is an affine group scheme over k in the usual sense (cf. Milne 1994,
2.37, p428).

A semisimple algebra R of finite degree over Q is a product of simple algebras, say,
R = Ry Xx---XR,,, and the centre K; of each R; is a field. The reduced degree [R: Q]ycq
of R over Q is Y_[R;: K;]'/? - [K;:Q]. For an abelian variety A, [End’(A): Qlieq <
2dim A, and when equality holds we say that A has many endomorphisms.

Let A be a simple abelian variety with many endomorphisms, and let Cy(A) be the
centre of End’(A). A Rosati involution on End’(A) defines an involution on Cp(A),
which is independent of the choice of the Rosati involution. For any Weil cohomology
theory H with coefficient field @, the canonical map

Co(A) ®Q — C(A)

is an isomorphism—this follows easily from the definition of A having many endo-
morphisms and the fact that Hi(A) is a free Cp(A) ®g @-module (Milne 1999a, 2.1).
Therefore,

L(A) = Lo(A) g
where Lo(A) is the algebraic group over Q such that
Lo(A)(R) = {(7,¢) € Co(A)* x R* [ 71y = c}
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for all Q-algebras R. This shows that 7(A) is commutative (because its realizations
are), and hence can be regarded as an algebraic group in the usual sense; moreover,
the action of Lo(A) on hy(A) identifies Ly(A) with m(A).

In Sections 2 and 4, we consider two categories of Lefschetz motives generated by
abelian varieties with many endomorphisms. The remark shows that their funda-
mental groups are affine group schemes of multiplicative type in the usual sense. In
each case, there is a classification of the isogeny classes and a description of the endo-
morphism algebra of each isogeny class, which allow us to compute the fundamental
groups explicitly.

2. LEFSCHETZ MOTIVES OF CM-TYPE

The theory of abelian varieties of CM-type provides a classification of the simple
isogeny classes of such varieties, which allows us to compute the fundamental group
of the category of Lefschetz motives generated by abelian varieties of CM-type.

Throughout this section, C'is an algebraically closed field of characteristic zero and ¢
is an involution of C restricting to complex conjugation on every CM-subfield, and Q!
is the algebraic closure of Q in C. Recall that Q™ C Q* and that I' = Gal(Q¥/Q).

Abelian varieties of CM-type. Let E be a CM-field. A CM-type on E is a locally
constant map ¢: Hom(E, Q%) — Z such that ¢(7) > 0 and ¢(7) +¢(co7) = 1 for all
7. A CM-type on E is said to be primitive if it is not the extension 7 +— ¢o(7|Ey) of
a CM-type ¢g on a proper subfield Ey. Every CM-type ¢ on F is the extension of a
unique primitive CM-type.

A simple abelian variety A over C is said to be of CM-type if End’(A) is a field
(necessarily CM) of degree 2dim A over Q, and an arbitrary abelian variety over C
is said to be of CM-type if all its simple isogeny factors are of CM-type.

Let A be a simple abelian variety over C' of CM-type, and let E = End’(A). Let i
be the inclusion Q¥ — C. For 7 € Hom(E, Q¥), define () to be 1 or 0 according
as 1 o 7 does, or does not, occur in the representation of £ on the tangent space to A
at 0.

PROPOSITION 2.1. With the above notations, ¢ is a primitive CM-type on E, and
the map A — (E,¢) defines a bijection from the set of isogeny classes of simple
abelian varieties over C' of CM-type to the set of isomorphism classes of pairs (E, )
consisting of a CM-field of finite degree over Q and a primitive CM-type on the field.

PROOF. Suppose first that C' = C. Let ¢ be a CM-type on a CM-field F, and
let ¥ = {7 | p(r) = 1}. Define A, to be the abelian variety over C such that
A,(C) = C*/%(0Of) where C* = Hom(X%,C) and Op, the ring of integers in F, is
embedded in C* by a — (0a)sex. Then (E, ) — A, provides an inverse to the map
A (E, ).

To extend the result to fields other than C, use the following observation: let
C — (' be an inclusion of algebraically closed fields of characteristic zero, and let
(A,7) be an abelian variety of CM-type (FE, ) over C’; then any specialization of

(A,7) to C is again of CM-type (FE, ), and hence becomes isogenous to (A,7) over
. O
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Let ¢ be a CM-type on a CM-field E. For each 7: E — Q¥ and o € I, define
Ur(0) = (o7 o).

Then v, depends only on the restriction of o to Q*, and 1,, when regarded as a
map Hom(Q™, Q) — Z, is a CM-type on Q™. Moreover, for any p € I', ¥,0,(c) =
Y (p~too) = (p;)(0), and so, as 7 runs over the embeddings E — Q% 1), runs
over a [-orbit of CM-types on Q™.

PROPOSITION 2.2. The map (E,¢) — {1} defines a bijection from the set of
isomorphism classes of pairs (E, @) consisting of a CM-field of finite degree over Q
and a primitive CM-type on the field to the set of I'-orbits of CM-types on Q™.

PROOF. We construct an inverse. For a CM-type ¢ on Q°", define I'y, to be the
stabilizer of ¢ in I and Ey to be the fixed field of T'y. Let 75: By — Q% be the given
embedding. Then any embedding 7: E,, — Q* can be written 7 = 0 o7y with o € T,
and we define

pu(T) =1(o7).

Then ¢y is a CM-type on Ey, and the map ¢ — (Ey, ¢y) gives the required inverse.
O

The reflex field K of (F, ) is defined to be the fixed field of the stabilizer of ¢ in
[. Thus o € T fixes K if and only if ¢(c7 o 7) = (1) for all 7: E — Q. For any
7: E — C, 1, is the extension to Q™ of a primitive CM-type on K.

The reflex field of a simple abelian variety over C' of CM-type is defined to be the
reflex field of its associated CM-type.

PROPOSITION 2.3. Let K be a CM-subfield of C. There is a natural one-to-one
correspondence between the set of isogeny classes of simple abelian varieties over C
of CM-type whose reflex field is contained in K and the set of I'-orbits of CM-types
on K.

PrROOF. When K = Q" this is an immediate consequence of the preceding two
propositions. The remark following the definition of the reflex field of a CM-type
allows one to extend it to an arbitrary CM-subfield of C. O

REMARK 2.4. Let E be a CM-subfield of Q%, and let ¢ be a CM-type on E. Let
K be the reflex field of (E, ), and let 1) = 1,, where 7 is the given inclusion of £
into Q. Then ¢ (c|K) = p(c71|E) for any o € T, and (K, ) is the reflex of (E, )
in the classical sense (Shimura 1971, p126).

The fundamental group of the category of Lefschetz motives of CM-type.
Fix a CM-field K € Q¥ and define LCM” (C) to be the Tannakian subcategory of
LMot (C) generated by the motives of simple abelian varieties over C' of CM-type
with reflex field contained in K. When K = Q“", we omit the superscript. We fix a
Weil cohomology theory X +— H*(X) with coefficient field Q, and write wy for the
corresponding fibre functor on LMot (C') or its Tannakian subcategories.
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For a I'-orbit ¥ of CM-types on Q°®, define T'Y to be the torus over Q with character
group
U —Z
{f1f=1fand 3, f(¢) =0}
The element ¢ + 11) of X*(T"7) is independent of the choice of ¢ € ¥ and is fixed
by I'. It therefore defines a homomorphism t¥: 7% — G,, rational over Q. Let AY
be a simple abelian variety corresponding (as in Proposition 2.3) to the orbit W.

Although AY is defined only up to isogeny, its Lefschetz group L(AY) with respect
to X +— H*(X) is well-defined up to a unique isomorphism.

PROPOSITION 2.5. For any W, (L(AY),1(AY)) = (TY,tY).

PROOF. Choose a ¢ € U. Let (Ey, ¢y) be as in the proof of Proposition 2.2, and
let AY be the abelian variety A, defined in the proof of Proposition 2.1. Then L(AY)
is the subtorus of (G;,) g, /g such that

L(AY)(Q) = {a € Ef|a-1aeQ*}

and its canonical character [(A%) sends a to « - wa. Therefore, X*(L(A"Y)) is the
quotient of ZHom(Fv.8") 1y the subgroup of f such that f() = f(u7) for all 7: B, —
Q" and Y f(7) = 0, and I(AY) is represented by ¢+ 1. By definition, Hom(E,, Q") =
I'/T"y, where I'y, is the group fixing v, and o — o is a bijection from I'/I';, onto V.
This map identifies X*(L(A"Y)) with X*(T%) and [(AY) with ¢7. O

An abelian variety of CM-type has many endomorphisms in the sense of 1.10, and
so the fundamental group of LCM” (C) can be identified with an affine group scheme
over Q in the usual sense.

THEOREM 2.6. For any CM-subfield K of Q¥, the fundamental group (T, t%) of
LCM"(C) is [[4(TY, ), where the product is over the set of T'-orbits of CM-types
on K.

PRrROOF. For any abelian variety A over C' of CM-type, the fundamental group of
(A)® is equal to the Lefschetz group of A, which is [[5(L(B),1(B)) where B runs
over a set of representatives for the simple isogeny factors of A. When [K: Q] < oo,
LCM"(C) = (I]y AY)® where ¥ runs through the I-orbits of CM-types on K, and
SO

(T",t%) = (L(ITA"), l(TTAY)) = [T(L(A"), l(AY)) = [I(T™, 7).
The case when [K: Q] is infinite follows by passing to the limit over the CM-subfields
of K finite over Q. O

3. THE FUNCTOR FROM LEFSCHETZ MOTIVES OF CM-TYPE TO HODGE
MoTIiVES

Certainly, a Lefschetz class on an abelian variety over C is a Hodge class, and so there
is a natural functor from the category of Lefschetz motives of CM-type to the category
of Hodge motives of CM-type. We shall describe the homomorphism of fundamental
groups defined by this functor.

In this section, Q* is the algebraic closure of Q in C.
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Hodge structures of CM-type. Let S = (G,,,)c/r. A rational Hodge structure is a
vector space V over Q together with a homomorphism h: S — GL(V ®R) such that the
resulting weight gradation is defined over Q. We always assume our Hodge structures
are polarizable. Let p,: G, — GL(V ® C), up(z) = he(z,1), be the cocharacter
associated with h. A Hodge structure (V,h) is said to be of CM-type if u; factors
through T)¢ for some subtorus 7" of GL(V). In this case the field of definition of p,
is a finite extension of QQ contained in Q" called the reflez field of (V,h).

Let K be a CM-subfield of Q*. The Hodge structures of CM-type with reflex field
contained in K form a Q-linear Tannakian category Hod% . The forgetful functor
(V,h) — V is a fibre functor for Hodgn whose automorphism group is the Serre
group SX. This is the (pro-)torus over Q with character group X*(S¥) equal to
the set of locally constant functions f: Hom(K,Q») — Z such that f(7) + f(i7)
is independent of 7. Denote the given embedding K — Q¥ by 79, and define p’
to be the cocharacter f +— f(79): X*(SX) — Z of SX. For any Hodge structure
(V. h) of CM-type with reflex field contained in K, there is a unique representation
pr: ST — GL(V) such that pyc o u = py. The functor (V,h) — (V, pp) is a tensor
equivalence HodJ,, — Repg(SX).

The function s: Hom(K, Q") — Z sending each element to 1 is a character of S¥
rational over Q.

Here (and elsewhere), when K = Q" we drop the superscript.

EXAMPLE 3.1. Let A be a simple abelian variety over C of CM-type, and let
E = End’(A). The Betti homology group H;(A) is a rational Hodge structure,
and its cocharacter pu factors through (G,,)g/9 C GL(Hi(A)). Therefore, H,(A)
is of CM-type. We can regard p4 as a cocharacter of (G,,)g/q, and hence as a
homomorphism X*((G,)g/q) — Z, in which guise it is the Z-linear extension of the
CM-type ¢ of A. Therefore the reflex field K of the rational Hodge structure H;(A)
is equal to the reflex field of A, and so Hom(K, Q") = T'/T", where ', is the stabilizer
of pinT.

The homomorphism p;, factors through (G,,)g/q, and we shall describe pj,: S —
(Gm)E/g by giving its action on characters. For 7: Hom(E, Q) — Z, let ¢, be the
homomorphism I' — Z defined in Section 2. Then ), factors through I'/I', and lies
in X*(S*). The map X*(ps) is f — > .p.ga f(7)r. The characters of S* acting
on H;(A) are the ..

CM-Motives. We refer the reader to Deligne and Milne, 1982, §6, for the definition
of the category of Hodge motives over a field of characteristic zero. Fix a CM-subfield
K of Q¥, and let CM*(C) be the Tannakian subcategory of the category of Hodge
motives over C generated by the motives of abelian varieties of CM-type with reflex
field contained in K.

The Betti cohomology theory X — Hp(X) defines a tensor functor
wp: CM¥(C) — HodX .
THEOREM 3.2. For any CM-field K C C, wg defines an equivalence of tensor
categories CM" (C) — HodX .

PROOF. As we noted in (3.1), the reflex field of a simple abelian variety A of CM-
type is equal to the reflex field of the Hodge structure wg(hi(A)) = Hi(A), and so
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wp does map CM” (C) into HodX . The functor is obviously fully faithful, and so
it remains to prove that it is essentially surjective. It suffices to do this when K has
finite degree over Q. If A is a simple abelian variety corresponding to the I'-orbit ¥
of CM-types on K (as in 2.3), then the representation of S% on H;(A) is a multiple of
the simple representation of S* with characters the elements of ¥ (3.1, last sentence),
and the next lemma implies that the CM-types on K generate S¥, which completes
the proof. O

LEMMA 3.3. Let K be a CM-field of degree 2g over Q, and let ¢ = 71 +--- 41, be
a CM-type on K. Define CM-types

g
gpi:Ti—l—Zij, @:ZLTJ‘.
i#i j=1
Then {¢1, ..., ¢4, @} is a basis for the Z-module X*(S*).

PROOF. The elements of X*(S¥) are of the form Y9 m;m + > 7, nyr; with
m; + n; = ¢, where c¢ is independent of 7. But such an element equals Zle mip; +
(¢ —>°9  m;)@. This shows that {¢1,..., ¢y, @} spans X*(S*), and it is obvious
that it is linearly independent. U

For any field k, let Isab(k) be the category of abelian varieties up to isogeny over
k. Its objects are the abelian varieties over k, and Mor(A, B) = Hom’(4, B).

COROLLARY 3.4. The functor A — Hy(A) defines an equivalence from the full
subcategory of Isab(C) whose objects are abelian varieties of CM-type with reflex field

contained in K to the full subcategory of Rep(S) whose characters are CM-types on
K.

PRroOOF. The two subcategories correspond under the equivalence in the theorem.
O

The functor from Lefschetz motives of CM-type to Hodge motives of CM-
type. Fixa CM-field K C C. Since a Lefschetz class is a Hodge class, there is a tensor
functor LCM” (C) — CM* (C) sending h(A, e,m) to h(A,e,m) (e now regarded as
a Hodge class). We describe the homomorphism S¥ — T& of fundamental groups
that it defines.

For any I'-orbit W of CM-types on K, the map
Fe ) fWy: Y — X*(S%)
Yew

factors through X*(TV), and hence defines a homomorphism ¥:S% — TY. Tts
composite with t¥ is s and so the t¥ define a homomorphism ~%: (5% &) —

[To (77, £7).

PROPOSITION 3.5. The homomorphism (S¥ s%) — (T5 &) defined by the ten-
sor functor LCM(C) — CM(C) is v¥.

PROOF. As we noted above, if A is a simple abelian variety corresponding to the I'-
orbit ¥ of CM-types on K, then the representation of S% on H;(A) has the elements of
U as its characters. The shows that the homomorphism (S%,s%) — (T t¥) defined
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by the tensor functor (4)® — CM*(C) is v¥. Therefore, the two homomorphisms
(K, s5) — (TK t¥) agree when composed with the projections (T, %) — (TY, %),
which implies that they are equal. O

REMARK 3.6. The homomorphism v%: S% — T¥ is injective. Indeed, its kernel
is killed by every CM-type on K, but these generate X*(S%).

REMARK 3.7. The observation in the proof of Proposition 2.1 allows one to extend
the results of this section from C to any algebraically closed field of characteristic zero.

4. LEFSCHETZ MOTIVES OVER F

The theorems of Honda and Tate classify the isogeny classes of simple abelian varieties
over the algebraic closure F of a finite field, and the theorem of Tate shows that
every abelian variety over [F has many endomorphisms and allows us to compute the
Lefschetz group of each isogeny class. Thus we are able to compute the fundamental
group of the category of Lefschetz motives over F.

In this section, Q* is the algebraic closure of Q in C.

Weil numbers and abelian varieties. Let p be a prime number. An element 7 of
a field algebraic over Q is said to be a Weil p"-number of weight —m if

(a) for all embeddings p: Q[r] — C, p(7) - tp(7) = (p™)™;

(b) for some N, p™ is an algebraic integer.
Condition (a) implies that 7 +— p"” /7 defines an involution (possibly trivial) ¢ of
Q[n] such that po (' = 1o p for all embeddings p: Q[r] < C. Therefore Q[n] is either
a CM-field or is totally real.

Let W(p") be the group of Weil p"-numbers in Q. If n|n/, then 7 — e maps
W (p") into W (p™'), and we define W (p™®) = lim ,, W (p"). Thus an element of W (p>)
is represented by an element of W (p") for some n, and elements 7 € W(p™) and
7' € W(p") represent the same element of W (p>) if and only 7™ and '™ differ by a
root of unity. We let [r] denote the element of W (p™) represented by 7.

There is a natural action of I' on W (p>), and the Weil-number torus P is defined
to be the pro-torus over Q with X*(P) = W (p>).

Let Wi +(p™) be the subset of W (p™) consisting of those 7 that are of weight —1
and are algebraic integers, and let Wy 4 (p™) = lim W1 4 (p").

Let A be a simple abelian variety over F. Choose a model Ay of A over a finite
field F,» such that all endomorphisms of A are rational over Fy., and let m be the
Frobenius endomorphism of Ag/F,». According to Tate 1966, Theorem 2, Q[n] is the
centre Z(A) of End’(A). For any embedding p: Z(A4) — Q, p(r) € W (p"). The
class [p(m)] of p(m) in W/ (p>) is independent of the choice of the model Ay, and as
p runs over the embeddings of Z(A) into Q*, [p(r)] runs over a I-orbit in W, (p>).

PROPOSITION 4.1. The map A — {[p(7)] | p € Hom(Z(A),Q*)} defines a bijec-
tion from the set of isogeny classes of simple abelian varieties over F to T\W; 4 (p™).

PROOF. The injectivity follows from Tate 1966, Theorem 1, and the surjectivity
from Honda 1968. 0
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The fundamental group of LMot(F). For a I-orbit /T in W/ _(p>), define L" to
be the torus over Q with character group

o =z
M) = T = and oy Fm) = 0F

The element 7 + ¢ of X*(L) is independent of the choice of w € IT and is fixed by
[. It therefore defines a homomorphism [/: LT — G,, rational over Q. Let A be
a simple abelian variety over F corresponding (as in Proposition 4.1) to the orbit I1.
Although A" is defined only up to isogeny, its Lefschetz group L(A™) is well-defined
up to a unique isomorphism.

LEMMA 4.2. For any T-orbit IT of Weil numbers of weight —1, (L(A™),I[(A™)) =
(LT 1),

PROOF. The Lefschetz group L(A") of A" is the subtorus of (Gy,)zamy,q such
that

L(A")(@Q) ={a € Z(A") | @10 € Q7},

and [(A™) sends « to a-tar (cf. 1.10). Choose a model for A over a finite field whose
Frobenius endomorphism 7 generates Z(A™) as a Q-algebra. Then the bijection
p — [p(m0)]: Hom(Z(A™T), Q') — IT induces an isomorphism X*(L) — X*(L(AHT)),
which is independent of the choice of the model and maps 77 to I(AT). O

Because the Lefschetz group of an abelian variety over F is commutative, so also is
the fundamental group of LMot (IF), which therefore may be identified with an affine
group scheme over Q in the usual sense.

THEOREM 4.3. The fundamental group of LMot(F) is Hner\ler(poo)(LHalH)'

Proor. Combine Lemma 4.2 with Proposition 4.1 and Proposition 1.8. O

The fundamental group of LMot™ (F). For a Weil p"-number 7 in a field K finite
over Q and a prime w of K lying over p, define

_ordy(m)
P = Shum)

Now let K be a CM-subfield of C, finite and Galois over Q. Define W (p™) to be
the set of Weil p"-numbers 7 in K such that f,(w) € Z for all w|p, and set W (p>) =
lim W* (p™). Tt is a I-submodule of W (p*°), and we define P* to be the corresponding
quotient of P. Let Y be the set of primes of K lying over p. The number f,(w)
depends only on the class [r] of m in W (p>), and so [r] — f, is a homomorphism
from W (p>) to the set of functions f:Y — Z. This homomorphism is obviously
injective, and the functions in the image have the property that f(w) + f(ww) is an
integer independent of w € Y and divisible by [K,,: Q,]. Later (5.1) we shall see that
every f with this property is in the image.

(K Q).

Define W, (p") and W, (p>) similarly. Then [7] — f, defines an isomorphism

WE ™) S{fY = Z | f(w) + flw) = [Ku: Q). f(w) >0},
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Let A be a simple abelian variety over F. According to Tate 1968/69, Théoreme 1,
the invariant of End’(A) at a prime v of its centre Z(A) is given by

ord, () . —
SETLZWGQ) (= )

where m € Z(A) is the Frobenius endomorphism of a model Ay/F,» of A with the
property that End’(A4q) = End(A). Therefore, for any embedding p: Z(A) — K and
weY,

inv, (End’(A)) =

ian(EndO(A) ®Z(A),p K) = fp(ﬂ) (w)

Consequently, f, (w) is an integer for all w|p if and only if K splits End’(A). There-
fore, under the bijection in Proposition 4.1, T\W{*, (p>) corresponds to the set of
isogeny classes of A’s having the following property:

(*) for all p: Z(A) — Q*, p(Z(A)) C K and End’(A) ®z(4), K is a matrix
algebra over K.
For a fixed CM-field K C Q* of finite degree and Galois over Q, let LMot” (F)
be the full subcategory of LMot (IF) whose objects are direct sums of motives of the

form h(A, p,m) with A satisfying the condition (*). It is a Tannakian subcategory of
LMot (FF), whose fundamental group is [[; er\wi, o L7 ¢,

The map 3%: PX — L. The element p € K is a Weil p-number of weight —2. Its
class [p] in WX (p>) is fixed under the action of T', and so defines homomorphism
p: PX — G,, rational over Q.

Let II be a I-orbit in W, (p>). The map
fe [T 2 = wE )
rell
factors through X*(LT), and hence defines a homomorphism
g pk — 7,
This map sends p” to [”, and hence the family (3")zew, , (o) defines a homomor-
phism
BE. (PK pf) = (LK, %),
which is injective because it corresponds to a surjective map on the character groups.

On passing to the inverse limit over all K C Q" finite and Galois over QQ, we obtain
an injective homomorphism

o (P’p) - (Lal)'

5. THE REDUCTION FUNCTOR ON LEFSCHETZ MOTIVES OF CM-TYPE

Because an abelian variety of CM-type has potential good reduction, for each prime
wo of Q¥ there is a “reduction” functor from the category of Lefschetz motives of
CM-type over Q? to the category of Lefschetz motives over the algebraic closure F of
[F,. Using the theorem of Shimura and Taniyama, we shall compute the map of the
fundamental groups it defines.
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Throughout this section Q¥ is the algebraic closure of Q in C. We fix a prime wy
of Q* lying over p, and denote its residue field by F.

The map P — S. We review the construction of the map P — S that is conjec-
turally associated with the reduction of motives of CM-type.

Fix a CM-subfield K of Q¥ of finite degree and Galois over Q and a prime wg of K
lying over p. Recall that X*(SX) consists of the homomorphisms g: Hom (K, Q¥) — Z
such that g + tg is constant, and that the weight of g is —g — ¢g.

For g € X*(S¥) and a € K, define
ga)= ] (e eq.

T:K—Qal
Then g(a) - tg(a) = Nmg g a~""9). If a lies in the real subfield F of K, then g(a) =

Nmp/g(a)™9). Because the group of units of F' has finite index in the group of units
of K, this shows that ¢ maps units in K to roots of unity.

Let w generate the ideal ‘BZO, where h is the order of the prime ideal 3,,, corre-
sponding to wy in the class group of K. According to the above remarks, g(w) is
independent of the choice of @ up to a root of unity, and it is a Weil p’ (GHh

of weight wt(g). Moreover, for any prime w of K lying over p,

ordy(g(@)) =h Y g(7).

T,TWo=w

-number

Therefore, with the notation of Section 4,
(5.1) fom(w) = Y g(r) € Z,
TWo=w

and so g(w) € WK(pf(%)). The class it represents in W5 (p™) is independent of the
choice of w, and so we have a homomorphism
g+ [9(@)]: X (S%) — W (p).
We sometimes denote this map as g — 7(g). It commutes with the action of I', and
so defines a homomorphism
o pE — §K,
LEMMA 5.1. The maps

X (§K) L2y ooy T2In we v g p € (K Q)Z)

are surjective.

PROOF. We know (Section 4) that the second map is injective, and so it suffices
to prove that the composite map is surjective. But it sends g € X*(S¥) to the
map f:Y — Z such that f(w) = > _  g(7). Choose a section s to the map
T +— Twe: Gal(K/Q) — Y such that s(tw) = ts(w), and define g so that g(7) is
f(Twp) or 0 according as 7 is in the image of s or not. Then g — f. O

REMARK 5.2. (a) The lemma shows that the homomorphism of: P¥ — S¥ is
injective. On passing to the limit over all K, we obtain an injective homomor-
phism a: P — S.
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(b) The lemma shows that
(7] = fr: X*(PR) = {f:Y = Z | f+1f € [Ku,: Q))Z}

is an isomorphism.
(c) The homomorphism a: PX — S& sends p® to s¥.

The reduction of abelian varieties. Let A be an abelian variety over Q¥ of
CM-type, and let A’ be a model of A over a subfield L of Q finite over Q. After
possibly replacing L by a larger field, A" will have good reduction at wy (Serre and

Tate 1968, Theorem 6). Let Af, be the reduction of A’. Then Ay 4 Al Xspeck(wy) F
is independent of all choices (up to a well-defined isomorphism) and A +— Ay is a
functor Isab™ (Q*) — Isab(F).

Now assume A to be simple, and let £ = End"(A). It is a CM-field, and the action
of E on Tgty(A) defines a CM-type ¢: Hom(E, Q%) — Z.

The centre Z(Ap) of End’(Ap) is a subfield of E. Let 7 € E be the Frobenius
endomorphism of some model of Ay over a finite subfield, say F,», of F. Any two
such 7’s represent the same class in W (p™>). For any p: E — Q% let p~lwy be the
valuation on E such that |c|,-1,, = |pc|w,. According to the Theorem of Shimura
and Taniyama (Tate 1968/69, Lemme 5), for any prime w|p of E,

[Eu: Q)= > ¢(p).

p,p~ Lwo=w

af ordy, ()
fw(w> - Ordw(p”)

Let K be a CM-subfield of Q. finite and Galois over Q, and large enough to
contain all conjugates of £ (and hence also the reflex field of (F,)). The choice
of an embedding pg: E — Q?* determines a Weil g-integer p(7) of weight —1 in K

and a CM-type v,, on K (see Section 2). From the inclusion K C Q*, K acquires

_ mh df

a valuation wy|p, and we choose an @ € K such that (@) = By, . Then ¢, (@) =

HT:K_@M ()%™ is a Weil pf(%l)h—integer of weight —1 in K.

PROPOSITION 5.3. The Weil numbers po(m) and 1,,(w) represent the same ele-
ment of WE(p>).

PROOF. Because of the injectivity of the map [r] — f, it suffices to show that
foo(m) = Jippy(w)- From the Theorem of Shimura and Taniyama, we find that

S-T
Footm) (@) = (Ko (poE)o] fn(m (v) = [Kui (0E)] D (o0 po)
o~ lwo=v
where v is the restriction of w to pE and the sum is over the embeddings o: pF — K.
On the other hand, we know (5.1) that

Fon@ = Y Woo(T)

TWo=w

where 7 runs over the elements of Gal(K/Q). As ,,(7) 4 ©(77 o pg), the two sums

are equal. O
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The reduction functor. The functor A — Ay extends to a functor
R:LCM(Q") — LMot (F), h(A,e,m)— h(Ag,eo,m).

Above, we defined a surjective homomorphism f +— 7(f): X*(S%) — W (p>) which
sends CM-types on K to Weil integers of weight —1. Since the map is ['-equivariant,
to each I'-orbit ¥ of CM-types it attaches a I'-orbit II(V) of Weil integers of weight
—1 and a surjective ['-equivariant homomorphism ¥ — II(W). This last map induces
a surjective homomorphism

D FW = Y F@)m(w): XH(TY) — X (L")

IS WEW
sending t¥ to I, and hence an injective homomorphism
o'V (LH(lII)’ lH(lIl)) N (T\p, t\l’).
On combining these maps for all U, we obtain a injective homomorphism
oK (LK 1K) S (TK 45),
THEOREM 5.4. The homomorphism (L¥ I%) — (T t5) of fundamental groups
defined by the reduction functor LCM" (Q*) — LMot™ (F) is o’

PROOF. It suffices to check this on (A)® for A a simple abelian variety of CM-type,
but here it follows from Proposition 5.3. O

6. THE SERRE AND LEFSCHETZ GROUPS INTERSECT IN THE WEIL-NUMBER
TORUS

In this section, Q is the algebraic closure of Q in C and wy is a fixed prime of Q!
lying over p.
Recall that we have defined affine group schemes of multiplicative type:

T: LCM(Q%): (abelian varieties of CM-type over Q¥; Lefschetz classes)
S: CM(Q*):  (abelian varieties of CM-type over Q; Hodge classes)

L: LMot(F): (abelian varieties over IF; Lefschetz classes)

P: ?Mot(F)?  (abelian varieties over IF; algebraic classes).

Each of T, S, L has been shown to be the fundamental group of the Tannakian
category to its right, and it is conjectured that the same is true of P. We have defined
injective homomorphisms as in the left-hand square and have shown that o/ and ~
correspond to the natural functors in the right hand square (conjecturally, the same
is true of a and f3):

T —— 5  1cM@EY) — oM@

L C |

L <% p LMot (F) —— ?Mot(F)?
This section is devoted to proving the following result.

THEOREM 6.1. The diagram at left commutes, and identifies P with LN S (inter-
section in T).
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Start of the proof of Theorem 6.1. Fix a CM-field K C Q¥ finite and Galois
over Q.

LEMMA 6.2. The diagram
K 25 9K

e e

K P pr

commautes.

PrROOF. We check this on the character groups. Let ¥ be a [-orbit of CM-types
on K, and let f € ZY. Then f represents an element of X*(TX), and its image in

X*(PK) 4 W (p>) under either map in the diagram is ],y m()F®), O
On passing to the limit over all K C Q“", we find that the diagram referred to in
Theorem 6.1 commutes. To complete the proof of Theorem 6.1 we shall show that
P =8KnLk (inside T),
or, equivalently, that

—_aK

( o ) (a'F 4K
P = L, [KxgKk 2 T ,TK
is exact, for all sufficiently large K C Q™.

Almost cartesian squares. We say that a commutative square of abelian groups

N 1 N

(6.1) l‘“/ la

M -2
. o . (4) .
is almost cartesian if all the maps are surjective and the map N’ — M’ x,; N is
surjective, i.e., if

N/ (7) M/@N (ﬁ_a)M

is exact.

LEMMA 6.3. For a square (6.1) in which all the maps are surjective, the following
conditions are equivalent:

(a) the square is almost cartesian,
(b) the map Ker~y — Ker  induced by o is surjective;
(c) the map Kero/ — Kera induced by v is surjective.

PROOF. Assume (a). If g(m') = 0, then the pair (m’,0) maps to 0 in M, and
therefore is the image of an n’ € N’ i.e., m’ is the image of an element n’ € Ker(7y).
Hence (b) holds.
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Assume (b). Suppose S(m’) = a(n). Choose n’' such that vy(n’) = n. Then

o/ (n')—m' € Ker(3), and so there exists an x € Ker(y) such that o/(z) = o/(n’) —m/.

Now

Hence (a) holds.
This proves the equivalence of (a) and (b), and the equivalence of (a) and (c) is
proved symmetrically. O

LEMMA 6.4. (a) Suppose the square (6.1) is almost cartesian, and let N C
Ker(y) and M" C Ker(8) be such that o/ (N") C M". Then

N/ /N// L) N

|« o

MM —E M
15 almost cartesian.
(b) If both inner squares in the diagram

/

N' L o N1 N

ML o L
are almost cartesian, then so also is the outer square.

PROOF. (a) The composite Ker(a') — Ker(a') — Ker(a) is surjective, and so
therefore is Ker(a') — Ker(a).

(b) Both maps Ker(a”) — Ker(a') — Ker(a) are surjective, and so therefore is
their composite. O

Some linear algebra. For n > 1 and d € Z, let A(n,d) be the 2n x 2n matrix

I, dE, — I,
dE, — I, I,

where [, is the n x n identity matrix and FE,, is the n x n matrix with all entries equal
to 1.

PROPOSITION 6.5. The matriz A(n,d) is row equivalent over Z to
2d —nd* 2d —nd*> --- 2d—nd?

I, dE, —1I, 0 0 0
(0 B ) b= ; ; :

PROOF. After a set of row operations to reduce the block at lower-left to zero,

A(n, d) becomes
I, dE, — I,
0 (2d—nd)E, )
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which is obviously row-equivalent to the desired matrix. O

COROLLARY 6.6. Assume d(2 — nd) # 0. Then the kernel of the map x +—
A(n, d)x: Z* — Z*" is the set of vectors of the form

(@1, .. an,b1,...,by), a;=0b;for1 <i<mn, Zai:O.

PROOF. For an element (z1,. .. ,x9,) of the kernel, we may assign arbitrary values,
say ba, ..., by t0 Tpya,... , Ton. Then the (n4+1)* equation becomes xpi1+> . , b =
0, and so by is determined by the equation >  b; = 0. Now the first n equations
show that

2n
xi:—dej+n+xi+n:bi, 1§2§n
j=n+1
This proves the statement. O

Completion of the proof of the Theorem 6.1. It suffices to prove that
XH(TEK) — X*(8K)
| |
X*(LF) — X*(PK)
is almost cartesian for all sufficiently large CM-fields K C Q? of finite degree over Q.
We shall in fact prove it under the assumption that K

— is finite and Galois over Q,
— contains a quadratic imaginary extension @ of Q in which (p) splits,
— and is not equal to Q).

Thus K = (@ - F' with F totally real, and
I'= FO X <L>, {

roa

Lo

Gal(K/Q)
Gal(K/Q) = Gal(F/Q).

=

As a subfield of Q, K acquires a prime wy. Let D = D(wy) C I be the decomposition
group of wy. Because p splits in QQ, D C T'y.

Write
Fo={mn=1... 71},
so that
D={70,... ,Tn-1,0T0, -+ s LTn—1}
Let d = (D:1). We can assume that the 7; have been numbered so that D =
{m0,... ,74—1} and 7,D = Td[%]D, ie, 10D = -+ = 144D, 74D = -+ = 191D,

etc.. In particular, {7, 74,...} is a set of representatives for the cosets of D in I

We shall use the map 7 — 7wy to identify I'/D with the set of primes of K lying
over p. We have a commutative diagram (Lemma 5.1):

X*(gK) Laturalinclusion 7y
! !
x(p¥y o zry/p)
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The first vertical map is X*(a®), which maps f to 7(f), and the second is > f(7)7
2. f(r)(7D).

Let

Y = Tz‘+zb7'z‘
1; = ZLTZ‘.

Then g, ... ,n_1,1 form a basis for X*(S¥) (Lemma 3.3). As
o =
(tri)bo = wh

we see that

v d:f {woa <o 7wn—17 Lw0: <o 7Lwn—1}
is a T-orbit in X*(S*). Let m; = m(viq) € W, (p™°). Then

df
11 = {7‘(’0,... ,W%_l,bﬂ'o,... ,LW%_l}
is a T-orbit in X*(PX).

LEMMA 6.7. The diagram

X*(7)

xe(r) 0 ()

[ew |

XLy Oy (pr)
becomes almost cartesian when the two groups at right are replaced by the images of
the horizontal arrows.

ProoOF. We shall prove this by showing that the bottom map is injective. The map
T + 77 defines a bijection I'/D — II, and hence an isomorphism Z[I'/ D] — Z[II].
On combining this with the natural map Z[II] — X*(L), we get the first map in
the sequence

ZIr/D] — x*(L"y X9, x+(pKy - zr /D).

The map at right sends 7 to the map o — f;(ocwy)—it is injective (Section 4). Let
op=14D,1=0,...,% —1, and let

w; = 0; + dLO'() + 4 dLO'Z‘_l + (d - 1)LO’Z‘ -+ dLO'Z‘_H + 4 dLO'%_l € Z[F/D]

Then the composite of the three maps in the sequence is € — ewy: Z[I'/ D] — Z[I'/D].
Since

oo = Wi
Lo;woy = lW;,
this composite map has matrix A(%,d)

relative to the basis {00,... ,08_1,100,... ,t02_1} of Z[I'/D]. Now Corollary 6.6
implies that the kernel of the composite map is {>_ a;(o; + t0;) | > a; = 0}, but this
is also the kernel of the map Z[I'/D] — X*(L7). O
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As 7 = ¢ and 1) = ), U &L {4, 11p} is a T-orbit. Let @ = 1, and let [T =
{m,um}.
LEMMA 6.8. The diagram

XYy X0, xe(gK)

[ew |

XLy X0y (pr)

becomes almost cartesian when the two groups at right are replaced by the images of
the horizontal arrows.

PROOF. As in the preceding lemma, one shows that the bottom arrow is injective.
O

LEMMA 6.9. The square
X(TY) @ XH(TY) - X*(5K)
| ) |
XH(Th e X*(T") — X*(PK)

1s almost cartesian.

Proor. Consider
X(TY) e X (T% —  ZMeeZlly  — X*(5K)
l l l
X*(T™y & X*(T™) — Z[T'/Dlry & Z[T'/D)7 — X*(PK)

The left hand square is almost cartesian because it is a direct sum of almost cartesian
squares, and so it remains to show that the right hand square is almost cartesian.
The image of the top-right map contains )y, ... ,¥,_1,1, and hence is onto. Since
the vertical maps are both onto, this shows that all the maps in the square are onto.
The elements mg, 71, ... ,m,_1, T of X*(PX) are linearly independent. Therefore, an
element 1) = > a); +at) of X*(S%) maps to zero in X*(PX) if and only if a = 0 and
Zdj§i<d(j+1) a; =0for j=0,...,% — 1. The first condition implies that ¢ € Z[I']1)y,
and the second condition implies that it lies in the kernel of Z[I'|¢pg — Z[I'/D]my. We
can now apply Lemma 6.3. O

Let I = I'\{CM-types on K} and let I = T\W, (p*).
LEMMA 6.10. The square
@@el X*(Tq)) e X*(SK)
D prep X7(1T7) — X+ (PE)
1s almost cartesian.

PROOF. Since the maps are all surjective, it suffices to prove that the map
Ker(a") — Ker(a) is surjective, but this is obvious from the previous lemma. O
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Consider the diagram:
Doe; X*(I?) —— XH(TF) —— X*(8%)

Drep X (L1) —— X*(LF) —— X*(PF).
The last lemma shows that the composite of the maps
Ker(a") — Ker(a) — Ker(a)

is surjective, which implies that Ker(a/) — Ker(a) is surjective. Therefore the right-
hand square is almost cartesian, which completes the proof of Theorem 6.1.

7. THE HODGE CONJECTURE IMPLIES THE TATE CONJECTURE

Let X be a smooth projective variety over C. We say that the Hodge conjecture
holds for X if, for all 7, the Q-vector space H*"(X(C),Q) N H"™" is spanned by the
classes of algebraic cycles. This section will be occupied with proving the following
theorem.

THEOREM 7.1. If the Hodge conjecture holds for all abelian varieties of CM-type
over C, then the Tate conjecture (0.1) holds for all abelian varieties over the algebraic
closure F of a finite field.

We shall derive Theorem 7.1 from two further propositions. Before stating them,
it will be useful to review some of the theory of characteristic polynomials.

Let T be a pseudo-abelian rigid tensor category over a field k (in particular, this
means that & = End(1)). Then, for any X in T, End(X) = Hom(1, XV ® X), and
the trace Tr(«|X) of an endomorphism « of X is its composite with ev: X¥ @ X — 1
(regarded as an element of k). For any integer r,

df 1 T T
a, = ﬁngn(a) o XE— X®

(sum over the elements of the symmetric group on r letters) is an idempotent in

End(X®"), and we define A" X to be its image. Assume that d 4 Tr(1|X) € N. The
characteristic polynomial f,(t) of an endomorphism « of X is defined to be

co+ et + oot + gttt cay = (1) Tr(a | APX).

When this definition is applied to an endomorphism of a vector space, it leads to the
usual characteristic polynomial. Clearly, for any k-linear tensor functor F: T — T’
from T to a similar category T, fo(t) = fr)(t).

For a field k£ and an adequate equivalence relation ~, let Mot (k) be the category
of motives generated by the abelian varieties over k£ with the algebraic cycles modulo
~ as the correspondences. When ~ is taken to be numerical equivalence, we obtain
a semisimple Q-linear Tannakian category Mot,um (k) (Jannsen 1992).

Let M be the fundamental group of Mot,,,(F). Since every Lefschetz class is
algebraic, there is a canonical Q-linear tensor functor w: LMot(F) — Mot (F)
which is faithful (because of (1.6)) and exact. The homomorphism M — w(L) of
fundamental groups defined by w is injective because Mot ,m(F) is generated by the
image of w. Therefore M is commutative, and so can be regarded as an affine group
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scheme over Q in the usual sense. Because Mot (FF) is semisimple, M is an affine
group scheme of multiplicative type, and the functor w defines an inclusion M — L.

It is known that the Frobenius maps on projective smooth varieties over a finite field
commute with algebraic correspondences (e.g., Soulé 1984, Proposition 2). Therefore,
any Xo in Mot (IF,) admits a Frobenius automorphism 7y,. The family {7, } is an
automorphism of the identity functor Mot ,ym (F;) — Mot,,m(F,). The characteristic
polynomial fr, ~of Tx, has coefficients in Q, and its roots in Q?! are Weil g-numbers.
To see the second statement, choose a fibre w: Motym(F,;) — Vecgay, and note that
frx, 18 also the characteristic polynomial of w(mx,) acting on w(Xo) and that w(Xo)
occurs a factor of w(Ay) (possibly twisted) for some abelian variety Ay over F,. Let
M0 be the fundamental group of the Tannakian subcategory (X()® generated by X
and the Tate object. A comparison with the Lefschetz group again shows that MXo
is commutative, and therefore equals Aut®(id x,e). Hence

TXx, € Aut® (id(XO)®> = Mo (Q)

Now let X be an object on Mot (F), and let M (quotient of M) be the fun-
damental group of (X)®. Let Xy be a model of X over some finite subfield F,» of
F. As we enlarge F,n, M~ may be replaced by a smaller algebraic group, but after
a certain finite extension it will become constant, and equal to M. Therefore, for

some N > 1, 7y 2 T, € M*(Q). For any character x of M*, x(mx) is a Weil p""-
number (for any fibre functor w: (X)® — Vecga, it occurs as an eigenvalue of 7y
acting on w(Y") for some Y in (X)®). Hence, we can apply Proposition 3.3 of Milne
1994 to obtain a well-defined homomorphism P — M*. These homomorphisms are
compatible for varying X, and so define a homomorphism P — M. The composite
of this with the homomorphism M — L defined above is the homomorphism [ of
Section 4 (apply ib. 3.3 again). It follows that P — M is injective, and we identify
P with a subgroup scheme of M.

REMARK 7.2. The pro-torus P is generated by a certain “germ of an element”
(ib. p435), which (by definition) the homomorphism P — M* “sends to” mx. We
can use this observation to characterize the image of P in M*. Let 7, be as in the
above discussion. As we observed, for N sufficiently divisible, 7§ lies in M (Q). The
smallest algebraic subgroup of M* containing 7&0 will be independent of N if N is
sufficiently divisible—this smallest algebraic subgroup will then be the image P in
MX. In the following, we shall always use 7x to denote an element 7% of M*(Q)
with N chosen to be sufficiently divisible that mx generates the image of P in M X,

Theorem 7.1 will follow from the next two propositions.

PROPOSITION 7.3. If the Hodge conjecture holds for all abelian varieties of CM-
type over C, then P = M.

PROPOSITION 7.4. The Tate conjecture (0.1) holds for all abelian varieties over F
if and only if M = P.

Proof of Proposition 7.3. For an abelian variety A over Q¥, the map from the
space of absolute Hodge classes on A to that of A is bijective (Deligne 1982, 2.9).
Since a similar statement is true for the spaces of algebraic classes!, our assumption

To show surjectivity, consider a specialization of an algebraic cycle over C.
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implies that every absolute Hodge class on an abelian variety of CM-type over Q
is algebraic. Therefore, there is a reduction functor R: CM(Q*) — Mot (F),
and hence a commutative diagram of Tannakian categories and exact QQ-linear tensor
functors:

LCM(Q¥) —— CM(Q%)

| |
LMot(F) —— Motuum(F)

From this diagram, we obtain a commutative diagram of fundamental groups:

T« §

S

Hence
McSnL (in 7).
Because P C M, Theorem 6.1 forces M = P.

Proof of Proposition 7.4. That the Tate conjecture implies M = P is shown in
Milne 1994, Proposition 2.38.

For the converse, suppose initially that the numerical equivalence equals ¢-adic
homological equivalence on Z"(A) ® Q for all abelian varieties A over F and all r.
Then M acts on H?"(A,Qu(r)), and the classes it fixes are precisely those in the
Q¢-subspace generated by the algebraic classes. On the other hand, the classes fixed
by P are precisely those in 7,7(A) (to be fixed by P is to be fixed by some power of
the Frobenius element). Hence P = M implies that 7, (A) is spanned by algebraic
classes.

It remains to prove that P = M implies that numerical equivalence equals ¢-adic
homological equivalence. The following elementary statement will be used (Tate 1966,
p138).

Let f(t) € Q[t], and let f(t) = [[ P(t)™") be the unique factorization of
P into a product of distinct irreducible polynomials over a field £ D Q.
The integer r(f) = > m(P)?deg(P) is independent of k. If a semisimple
endomorphism v of a k-vector space V' has characteristic polynomial f(t),
then dimy Endgp, (V) = r(f).

For an adequate equivalence relation ~ we define Mot..(F), to be the category of
motives (with the corrected commutativity constraint) generated by abelian varieties
over F and using as correspondences the spaces (Z(A) ®g Qy)/~. We shall show that
the natural functor

X + X: Motyom(F)y — Mot um(F),
is faithful (hom= f-adic homological equivalence on Z(A) ®q Q). For this it suffices

to show that the natural map End(X) — End(X) is injective for all X. Note that it
is automatically surjective.
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Let X be in Motpom(F),. The fibre functor w, on Motpem(IF), defined by (-adic
étale cohomology is faithful, and so

dimg, End(X) < dimg, Endg, r,j(we(X)).
Because f,,(ry)(t) = frx (t) and mx acts semisimply on wy(X),

dimg, Endg,xy)(we(X)) = r(fry)-

Let Y be in Moty (F),. For any field £ D Q, and fibre functor w: Mot um,(F), —
Vec,,

End(Y) ®q, k = Endg(w(Y))M.

If P= M, so that MY is generated as an algebraic group by 7y € MY (Q) (see 7.2),
then the dimension of the second space is r( fr, ).

On taking Y = X, we find that

7(fre) = dimg, End(X) < dimg, End(X) < r(fry). (%)

Since fr, (t) = fry (t), both inequalities must be equalities, and so End(X) — End(X)
is an isomorphism.

This completes the proof that the functor Motpem(F)y — Mot (F), is faithful.
Since Hom(1, h?"(A)(r)) = C..(A), we now know (for all A and r) that the map

Z"(A) ®g Q¢/hom — Z"(A) ®¢g Q¢ /num

is injective, i.e., that if z € Z"(A) ®g Q, has nonzero cohomology class, then there
exists a 2/ € Z9mA=T @4 Qy such that z - 2’ # 0. By elementary linear algebra, this
implies the same statement with the “®qgQ,” removed, i.e., that numerical equivalence
coincides with f-adic homological equivalence on Z"(A). This completes the proof of
Proposition 7.4. [

REMARK 7.5. Without the assumption P = M, there seems to be no reason

why both inequalities in (%) should not be strict. For example, we might (per-
haps) have an X in Motyom(X), of rank 2 with Endg, ) (we(X)) = Ma(Qy),

End(X):{(g :)},andEnd()_():{(; 2)}

REMARK 7.6. (a) Let K be a CM-field as in the final part of the proof of Theorem
6.1. Then the above argument shows that if the Hodge conjecture holds for all
abelian varieties of CM-type over C with reflex field contained in K, then the
Tate conjecture holds for all abelian varieties over F with endomorphism algebra
split by K.

(b) Once one knows the Tate conjecture for all abelian varieties over F, then one
obtains it for all smooth projective varieties over F whose motive, defined using
algebraic cycles modulo homological equivalence, lies in the Tannakian subcat-
egory generated by abelian varieties, for example, for products of curves.

(c) A similar argument to the above shows that the Hodge conjecture for abelian va-
rieties of CM-type over C implies the crystalline analogue of the Tate conjecture
for abelian varieties over F.
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