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This paper has two purposes: the first is to extend Shimura’s results, as described in his
talk (Shimura 1971b) to more general arithmetic quotients of bounded symmetric domains
and the second is to interpret some of the results of Milne and Shih 1982b as non-abelian
reciprocity laws at the special points of the symmetric domain. The latter can be regarded as
nonabelian solutions to Hilbert’s twelfth problem.

Before describing our results in more detail, we review the classical case. A modular
function (on the upper half-plane) of level N is said to be arithmetic if its Fourier expansion
with respect to e27Z/N has coefficients in Q(e27*/N). The arithmetic modular functions
form a field F’ on which GL,(A)™ acts and there is an exact sequence of topological groups

1 — Q*-GLo(R)™ — GLo(A)T —= Aut(F’) — 1
(Shimura 1971a, 6.23). The sequence generalizes the exact sequence
1> Q¢ R*Y - Aj — Gal(Q™/Q) — 1

of class field theory. We have Q* C F’ and for u € GL,(A)™, the restriction of 7(u) to
Q® is given by det(u)~! € Aa via the Artin reciprocity map. Moreover, let z be a special
point of the upper half-plane, so that Q(z) is a quadratic imaginary extension of Q. Let
Q(z)* = GL; be the normalized embedding (ibid., p. 104). The reciprocity law at z asserts

the following: if f € F’ is defined at z, then f(z) € Q(z)®; for any v € A&Z) C GLy(A)T,

r(”)_lf(z) = [v] f(z), where [v] is the image of v in Gal(Q(2)*®/Q(z)).

More generally, one starts with a bounded symmetric domain X+ and a reductive group
G such that G¥(R)™* is the identity component of the group of holomorphic automorphisms
of X*. The field F’ consists of meromorphic functions on Xt that are automorphic
relative to a congruence subgroup of G%7(Q) and are arithmetic. In defining this last notion,
it is not always possible to use Fourier expansions. Instead one must first construct a
family of varieties defined over number fields (a canonical model) and require an arithmetic
automorphic function to be defined on one of the varieties in the family. Then, under certain
assumptions, there is an exact sequence,

1 - Z(@Q)-G(R)+ — G(G,X) — Aut(F'/E)
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in which G(G, X) is a certain subgroup of G(A), Z is the centre of G, Z/(\Q) is the closure
of Z(Q) in Z(A), and E is a certain field associated with G and X (called the reflex field).
The image of t in Aut(F’/E) is an open subgroup of finite index. It is frequently possible
to enlarge G(G, X) to make t surjective. Attached to a special point z of X T there is a
finite extension field E(z) of E and a map n: E(z)* — G of Q-rational algebraic groups
such that n(A): A% [ e G(A) factors through G(G, X). The reciprocity law at z asserts
the following:

if f € F'is defined at z, then f(z) € E(z)®;if v e Ag(z) and u = n(v)~ !,
then ™ f(z) = [v] f(z), where [v] is the image of v in Gal(E(2)**/ E(z)).

The above results were proved in Shimura 1970, K. Miyake 1971, Shih 1979 for a group
whose derived group is simply connected and Q-simple of type C, A, and B respectively.
We prove them whenever G is classical and the canonical model is known to exist. (In
this generality it is more natural to replace the exact sequence by an inclusion £(G, X) —
Aut(F’/E).) The essential step, which is carried out in §1, is to compute the automorphism
group of a connected Shimura variety. An argument of T. Miyake allows us in §2 to show that
the automorphism group of the variety is equal to the automorphism group of its function
field. The above results, concerning Shimura’s canonical models, can then be deduced
without difficulty from Deligne’s results (1979) concerning his canonical models. This is
done in §3 and §4.

The non-abelian reciprocity laws proved in §5 take the following form. Recall that the
Weil group of E(z) over E is an extension

1 — E(Z)X\AE(Z) — WE(2)/E N Homg (E(z),Q) — 1,

and that the map E(z)*\A% e Gal(E(z)*/E(z)) of class field theory extends to a map
v [V Wg() g — Homg (E (z)®, Q). For any special z € X, the abelian reciprocity law

can be interpreted as stating the following:

letv e E(z)*\A% () and let n(v) be its image in G(Q)\G(A) under the map
defined by 7; then, for any lifting u = (ueo,us) of n(v) to G(A),

WD f(z) = ] faduoo 02).

This makes sense because 7@ f(z) = f(adaoz) for a € G(Q). The non-abelian reci-
procity law states the following:

let C be the isotropy subgroup of G at z; the map E (z)* \AE(Z) - GQ\GA)/C[R)
defined by 7 extends to a map &:Wg(;) g — G(Q)\G(A)/C(R); for any
v € Wg(z),E and lifting u = (ueo,uy) of £(v) to G(A),

WD £(z) = ] f(aduoo 02).

We remark that there are now three notions of canonical model: Shimura’s model and
Deligne’s connected and non-connected models. Only Shimura’s model provides one with
a family of geometrically irreducible varieties defined over number fields, but in proving
theorems it seems to be easier to work first with Deligne’s models.
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NOTATION AND CONVENTIONS.

For Shimura varieties and algebraic groups we generally follow the notation of Deligne 1979.
Thus a reductive algebraic group G is always connected, with derived group G, adjoint
group G, and centre Z = Z(G). A central extension is an epimorphism G — G’ whose
kernel is contained in Z(G), and a covering is a central extension such that G is connected
and the kernel is finite.

A superscript T refers to a topological connected component; for example, G(R) ™ is
the identity component of G(R) relative to the real topology, and G(Q)™ = G(Q)NG(R) ™.
For G reductive, G(R) is the inverse image of G*(R)* in G(R) and G(Q)+ = G(Q)N
G(R)+. In contrast to Deligne 1979, we use the superscript * to denote both completions
and closures.

We write Sh(G, X) for the Shimura variety defined by a pair (G, X) and Sh°(G,G’, X ™)
for the connected Shimura variety defined by a triple (G, G’, X 7). The canonical model of
Sh(G, X) is denoted by M (G, X).

Vector spaces are finite-dimensional, number fields are of finite degree over Q (and
usually contained in C), and Q is the algebraic closure of Q in C. If V is a vector space over
Qand R is a Q-algebra, we often write V(R) for V ® R.

We write Z = l(an/mZ Ar=Q® Z for the ring of finite adeles of Q, and A =R x Ay
for the ring of adeles of Q. For E a number field, Ag s and Ag denote E ®qg Ay and
E ® A. The group of ideles of E is A% and the idele class group is Cg = A% /E™.

We use [*] to denote an equivalence class containing *; for example, if x € X and
g € G(Ay), then [x,g] denotes the element of Sh(G,X) = G(Q)\X x G(Ar)/Z(Q"
containing (x, g).

Throughout the paper, all groups actions are from the left.

We normalize the reciprocity isomorphism of class field theory so that a uniformizing
parameter corresponds to the reciprocal of the (arithmetic) Frobenius element; we thus agree
with Deligne 1979 and Tate 1979, but disagree with Langlands 1979.!

1 The automorphism group of a connected Shimura
variety

Let G be a semi-simple Q-rational adjoint group, G’ a covering of G, and X T a family of
maps C* — G(R). The topology on G(Q) defined by G’ is that for which the images of
the congruence subgroups of G’(Q) form a fundamental system of neighbourhoods. Let
XY = ¥(G’) be the set of arithmetic subgroups I" of G(Q)™ that are open relative to this
topology and are torsion-free. Under certain hypotheses (Deligne 1979, 2.1.8), (G,G’, X )
defines a connected Shimura variety Sh°(G, G’, X ) equal to the projective limit of '\ X,
I' € ¥. An automorphism of Sh® = Sh°(G,G’, X *) is a morphism «: Sh® — Sh°® such that,

127.05.23. This refers to the fact that the signs in Langlands disagree with those in Deligne. However, the
signs in Deligne 1979 require correction — see my letter to Deligne 28.03.90 — and so our signs should agree
with those in Langlands.
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forany I' € X, there exist a I'’ € X' and a commutative diagram

Sh° —% 5 Sh°

l/canonical lcanonical

rxt 2 mxt

with o an isomorphism. (The morphisms are required to be analytic; according to Borel
1972, 3.10, they will then be algebraic.) Denote the group of automorphisms of Sh°® by
Autc(Sh®). Fora I' € X, the a € Autc(Sh®) such that

(Sh° % she 5 M\ x+) = (Sh° =5 m\x 1)

form a subgroup of Autc(Sh®). The group Autc(Sh®) is given the topology for which these
subgroups form a fundamental system of neighbourhoods of the identity element. In this
section, we give an explicit description of this topological group, assuming G is classical in
the sense of Kneser 1969, 2.3, i.e., it is not exceptional and neither 3 D4 nor Dy occurs as a
component of its universal covering group.

1.1. According to Weil 1960 (see also Kneser 1969, Chapter 2), we can identify the
classical group with the identity component of the automorphism group of a semi-simple
algebra with involution over Q. The algebra with involution is a direct product of (L, o) of
the following types:

(A) L is a central simple algebra over a quadratic totally imaginary extension of a totally
real field Fy, and o is an involution of the second kind.

(B), (D®) L =End Fo(V), where V is a finite-dimensional vector space over a totally real
field Fy and o is defined by g(ax,y) = g(x,a?y), where ¢ is a nondegenerate quadratic
formon V.

(C) L = Endp(A), where B is a quaternion algebra over a totally real field Fp and A
is a free left B-module of finite rank; o is defined by ¢(ax,y) = ¢(x,a’y), where ¢ is a
B-valued form on A that is hermitian with respect to the main involution of B.

(D™) L is the same as in (C), but o is defined by an anti-hermitian form ¢.

We impose the following conditions: for type (A), [L: Fo] > 2-32; for types (B) and
(D®), dim Fo V = 7; and for type (D', rankp A > 4. Then for the given semisimple adjoint
group G, there is a unique (L, o) (up to isomorphism) such that the direct factors of (L,0)
satisfy the above conditions and such that the identity component of the automorphism group
of (L,0) is G. We refer to (L, o) as the algebra with involution corresponding to G.

1.2. Let (G,G’, X ) define a connected Shimura variety, with G classical. Let (L,0) be
the algebra with involution corresponding to G, and A the automorphism group of (L, o).
Since G is the identity component of A, inner automorphisms of A define an injection
ad: A — Aut(G). In fact ad is an isomorphism. This follows from the fact that if Gy,
G are classical Q-simple groups and (Lj,01), (L2,07) are the corresponding algebras
with involution, then every isomorphism of G; to G, is induced by a unique isomorphism
of (L1,01) to (L3,02). Let A(Q)* be the group consisting of the y € A(Q) such that
ady:G(Q) — G(Q) is a homeomorphism with respect to the topology defined by G’. If
G is Q-simple, then every ady, y € A(Q), lifts to an automorphism of G’(Q). Therefore
A(Q)* = A(Q) in this case.

Decompose L ®q R into the direct product of simple algebras L1, ..., Lg over R. Then
o induces an involution o, on each factor L,. Let A, be the group of automorphisms
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of (Ly,0y). Denote by S the group of permutations 7 of {1,...,g} such that (Ly,0y) is
isomorphic to (L (y),0¢(v)) for all v. Then we have an exact sequence

1-[[4v®) — A®R) > S — 1.

Let G, be the identity component of the algebraic group A, over R. Then Ggr = [[ Gy.
For each v, there is a Gy, (R) " -conjugacy class X, of homomorphisms of C* into G,
such that X T = [T X,I. The adjoint action of A (resp. A,) on G (resp. G,) induces an
action of A(R) (resp. Ay (R)) on the set of homomorphisms of C* into Gg (resp. Gy), and
we let A(R)! (resp. A,(R)!) be the subgroup that preserves Xt (resp. X,). For each v,
Gy(R)™ is a subgroup of A,(R)! of index at most 2, and ad: 4,(R)! — Aut(X,) is an
isomorphism. Furthermore, it is easy to see that we have the following commutative diagram

I —— [JAy(R) —— AR) > T‘ > 1

I ]

1 — [JAy(R)! —— AR —— § —— 1.

It follows that ad: A(R)! — Aut(X ) is an isomorphism. In fact, for y € Aut(X ) there
is a permutation t of {1,...,g} such that y is given componentwise by isomorphisms

X, e XIU). Then 7 € S. Let o be an element of A(R)! that maps to t. Then ada™! o
y € [TAut(Xy). Hence ada~!oy = [Jaday, = ad([Jay), oy € Ap(R)!. Therefore y €
ad(A(R)1).

Put A(Q)! = A(Q)* N A(R)!. Then A(Q)! acts on the set ¥, and therefore on the con-
nected Shimura variety Sh°(G, G’, X 1). The inclusion ad: A(Q)! < Aut(Sh°(G,G’, X 1))
extends by continuity to the completion 4(Q)!"(rel G’) of A(Q)! with respect to the topol-
ogy defined by G’. Note that G(Q)™ is a subgroup of A(Q)! of finite index.

THEOREM 1.3. Under the above hypotheses, A(Q)'"(rel G’) is the full group of automor-
phisms of Sh°(G,G’, X ).

Let (L,0) be the algebra with involution corresponding to G. Let U be the algebraic
group over Q defined by {x € L™ | xx? =1, Nx = 1}, where N denotes the reduced norm
of L to its centre F. Then U is semisimple and U = G, see Weil 1960, Theorem 2. Let G
be the universal covering group of G and consider the covering G—U.

LEMMA 1.4. Let A be an arithmetic subgroup of U(Q) that is open with respect to the
topology defined by G. Then for any natural number m, {6 | 6 € A} spans L over Q.

PROOF. We follow the argument of Shimura (1970, 6.6) and and K. Miyake (1971, 4.8).
Since the image of an arithmetic subgroup under an isogeny is arithmetic (Borel 1969, 8.9),
we can assume that A is the image of a congruence subgroup A of G (Q). Choose a rational
prime p # 2 such that
(1) the congruence condition defining A does not involve p;
(i1) p splits completely in F', the centre of L;
(iii) (L ®q Qp.0) splits, i.e., it is the direct product of algebras with involution over Q,
of the following types:
(A) (Mn(Qp) ® Mn(Qp).0), where (X, Y)7 = (Y, X"), n > 3;
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(B) and (D) (M,(Qp).0), where X? = X", n>7,;

(C) (M2,(Qp),0), where X = JX*J~1  J= (_(}n 16’), n=>1.

Then U(Q)) is isomorphic to the direct product of simple groups of the forms
(A) SL,(Qp), n >3,
(B) and (D) SO, (Qp),n =7,

(©) Sp,(Qp),n=1.
Using this isomorphism, we can choose a Zp-order O in L, = € L®g Qp invariant under o
such that U(Zp) e (’);; NU(Qp) is the direct product of groups of the forms

(A) SLn(Zp),n =3,

(B) and (D) SOx(Zp),n >1,

(©) Sp,(Zp),n > 1.
For a o-skew symmetric element w of pO,, the Cayley transformation of w lies in U(Zp).
Let U’ C U(Zp) be the set of Cayley transformations of such elements. Then it is easy to
see that for any integer m > 1, {a™ [ € U’} spans Lp over Qp.

Let A, (resp. Ap) be the closure of A (resp. A)in U(Qp) (resp. G(Qp)) Then A is
commensurable with U(Zy). It follows that for any integer m > 1, there are aq,...,ax € Ap
such that of’, ..., a;" form a basis for Lp. Lift each ¢; to an element f; of A p and apply
the strong approximation theorem for G to obtain elements b; of 6(@) that are in A and
are close to ;. Then a"*, where a; € A is the image of b;, will be close to «]" in Ap,
and af’,...,a]’ € L will be linearly independent over Qp, and a fortiori over Q. Thus the
Q-linear span of a'", .. .,a,’c” is L. o

REMARK 1.5. Since any two arithmetic subgroups of U(Q) are commensurable, Lemma
1.4 holds for every arithmetic subgroup A of U(Q). As S. Kudla pointed out to us, this result
also follows from Borel’s density theorem (Borel 1966, Theorem 1).

To complete the proof of Theorem 1.3, we have to show that for o € Autc(Sh°(G,G’, X))
and I' € X, there is a B € A(Q)! such that

can adp can

(Sh® =5 sh* <5 M\ xF) = (sh° =5 sh° =5 M\ x ).

By definition, there is a I} € X' and an isomorphism «;: Fl\X+ — 1“1\X+ such that the
diagram

Sh° —% 4 Sh°

l/canonical l/canonical

r\x+t 2 mxt

commutes. As X T is simply connected, & can be lifted to an element of Aut(X ™), say
adB (B € A(R)'). We first show that 8 € A(Q), i.e., it is an automorphism of (L, o). Since
B € A(R), it suffices to show that § maps L into L.

Let 7: U — G be a covering map, and £ its degree. Choose arithmetic subgroups A, A;
of U(Q) that are open with respect to the topology defined by G and such that (A cr
and w (A1) C I'1. Let m be the index of w(A) in I". For §; € Ay, we have 7(8;) € I'] and
adB(m(81)) € I'. Note that B(87") € U(R) and 7 (B(87")) = ad B((81))" € m(A). As the
degree of & is £, we see that ,3(8{”@) € A. Thus 8 maps {8’1"Z | 81 € Ay} into A. In view of
Lemma 1.4, this proves that (L) is contained in L.
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Next we show that ad 8: G(Q) — G(Q) is a homeomorphism. Let I’ € X be a normal
subgroup of I". Then there is a I'] € X' contained in I and an isomorphism a}: [\ X T —
I'’\X* such that the diagram

Sh® —*— Sh°

l/canonical lcanonical

rpx+ 2y rax+

bl

m\x+t =25 mxt

commutes. Here g and ¢; denote the natural projections induced by the inclusions I'" < I
and I'/ — I'1. Applying the above considerations to &}, we see that there is a B’ € A(Q) N
A(R)! such that &} lifts to ad 8’ € Aut(X+). We have ad 8/(I'/) = I'’. As both ad 8 and
ad B’ induce o, there is a y € I such that ad § = ad y’. Hence

ad B(I) = (ady oad B')(IY) = ady(I") = I",

because I’ is a normal subgroup of I". Since the normal subgroups I’ of I', I'’ € ¥, form
a basis for the neighbourhoods of 1, this shows that ad 8 is continuous. The same argument
applied to B! shows that 8 is a homeomorphism. Therefore 8 € A(Q)* N AR)! = A(Q)!
and ad Boa~! € Autc(Sh®) induces the identity map on '\ X .

1.6. The above techniques can be used to compute the automorphism group of a sin-
gle I'\X™. Let G be classical and I" € ¥. An automorphism o« of I'\X ™ lifts to an
automorphism ad 8 of X, B € A(R)!. The argument in the proof of 1.3 shows that
B € A(Q)N A(R)L. Conversely, every B € A(Q) N A(R)! such that ad (I") = I" defines
an automorphism of '\ X *. Thus Autc(I"\ X T) is the quotient of

{BeAQNAR)! |adp(I') =T}
by the subgroup of § such that

adB can can

Xt —=xt —SnnxH)=x*t—r\x).

In particular, if A(Q) = A(Q)* (this is the case if G is Q-simple or G’ = G, the
universal covering group of G), then every element of Autc(I"\ X ) is induced by ad 8 with
B € A(Q)!, hence can be extended to an element of Autc(Sh°(G,G’, X 1)). This is not true
if A(Q)* # A(Q). Note also that we need to assume that I” is torsion free. For example, if
X is the complex upper half plane, then the only automorphism of SL,(Z)\ X * that can
be extended to an automorphism of Sh®(PGL,, SL,, X 1) is the identity map.

1.7. The automorphism group of a non-connected Shimura variety Sh(G, X) (Deligne 1979,
2.1) is very large and complicated. However, the subgroup of automorphisms commuting
with the Hecke operators is small: it consists only of the identity element if G is adjoint.?

227.03.23. See Corollary 2.6 of Milne, 1.S., The action of an automorphism of C on a Shimura variety and its
special points In: Arithmetic and Geometry, Papers dedicated to I.R. Shafarevich on the occasion of his sixtieth
birthday, Progress in Math. 35 (1983), Birkhauser Verlag, 239-265.
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2 The automorphism group of a field of automorphic
functions

Let (G,G', X +) define a connected Shimura variety, and let X' be as in §1. For I" € X', we
let 7 (I") denote the function field of the algebraic variety I'\ X ¥ and we let F = li_n)l]-" r.

An element f of F(I") can be identified with a meromorphic function f on the bounded
symmetric domain X T invariant under I". A meromorphic function on X * arising in this
way is said to be automorphic with respect to I". Thus JF can be regarded as the field of all
meromorphic functions on X * automorphic with respect to some I" € X. When I'\ X T is
compact, the comparison theorem (Shafarevich 1994, VIII, 3.1) shows that F(I") is equal to
the field of meromorphic functions on X+ invariant under I". The same is always true if G
has no Q-rational simple factors isomorphic to PGL; (Baily and Borel 1966, 10.12). For the
remaining case, an automorphic function is required to be meromorphic at the cusps.

An automorphism « of Sh°(G,G’, X ) defines an automorphism a* of F over C by
the rule: a* f = f oa™!. If Aut(F/C) is given its usual topology (Shimura 1971b, 6.3),
then o — ™ is continuous.

PROPOSITION 2.1. The map
o — a*: Autc(Sh°(G, G, X 1)) — Aut(F/C)
is an isomorphism of topological groups.

PROOF. As I'\ X is separated as an algebraic variety, a morphism V — I'\X T is deter-
mined by its action on F(I"). Thus @ — o is injective. In proving that the map is surjective,
we follow an argument of T. Miyake 1972, which is based on the following result:

every isomorphism X T ~¥; — Xt \Y, where Y and Y; are proper analytic
subsets of X *, extends to an automorphism of X+ (ibid., §4(I)).

Let «* be an element of Aut(F/C). Then, for any I" € X, there is a unique I} € X' such
that o*(F(I")) = F(I1); ibid. §4.(I). Thus the restriction of a™* to F(I") defines a rational
map ay: 1\ X -—> '\ X . We show that o~ is an isomorphism. Let V and V; be Zariski-
open subsets of I'\X T and I'1\ X " such that o jis an isomorphism from V; to V. The
inverse images ¥ and Y of (I'\X 1)~V and (I'1\X 1) ~ V1 are proper analytic subsets of
X . Consider the coverings X ™ ~Y — V and X ~Y; — V;. The argument of T. Miyake
(ibid., §4.(II1)) shows that c: Vi — V lifts to an isomorphism &r: X ~Y; —> X \Y
which, according to the result recalled above, extends to an automorphism & of X *. This
& r induces an isomorphism of I''\X ™ to '\ X T that agrees with o.f on V. Therefore
(ibid., Lemma 1) o is defined everywhere and is an isomorphism from I\ X * to '\ X ™.

Thus, for every I' € X, there is a unique I'; € ¥ and an isomorphism ap: I\ X+ —
I\X™* such that oy F(I') — F(I1) is the restriction of o* to F(I'). If I'" € X is
contained in I", then the corresponding I' is contained in I't, and the diagram

rix+ 2 paxt

| |

o

mx+t - mnxt

commutes. Therefore {& | I" € X'} defines an automorphism « of Sh°(G,G’, X T) whose
image in Aut(F/C) is a*. o
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3 The automorphism group of a field of arithmetic
automorphic functions

3.1. Throughout this section, G will be assumed to be classical and Sh°(G,G’, X +) will
be assumed to have a canonical model M°(G,G’, X ) in the sense of Deligne 1979, 2.7.10.
(For a list of those Shimura varieties known? to have canonical models, see ibid., 2.7.20.)
Let E = E(G,X ) be the reflex field; then M°(G,G’, X T) is a scheme over Q together
with a left action of the middle term of the canonical extension

1 - GQ (el G') = £(G,G', X ) -5 Gal(Q/E) — 1

(ibid., 2.5.9). For any I" € X, I'\M° is a model for "'\ X+ over Q. Thus its function field
F(I') is a subfield of F(I") linearly disjoint from C over Q and such that C- F(I") = F(I").
We define F, the field of arithmetic automorphic functions on X T relative to (G, G’) to be
JF({)cCF.

We note that a Hilbert or Siegel modular function is arithmetic in this sense if and only
if it the quotient of two modular forms with algebraic Fourier coefficients (Shimura 1975).

3.2. Forany I', I'" € X, there are only countable many isomorphisms «: (I"'\M°)¢c —
(I"\M®)c that extend to automorphisms of Sh°(G,G’, X ). Thus, each such « is defined
over Q, and we can identify Autc(Sh°(G,G’, X)) with its subgroup Autg(M°(G.G'". X ).
Theorem 1.3 provides us with an isomorphism

AQ" (relG') —> Autg(M°(G.G'.XT)).

The two actions of G(Q) " (rel G’) on M°(G,G’, X 1), arising from the actions of 4(Q)!"(rel
G') and £(G,G’, X T), are the same. For any o € £(G,G’, X 1),

M°(G,G'. Xt) —%5 M°(G,G'.X™T)
l Spec(o (o)~ !
Spec(Q) Speclo@7), Spec(Q)

commutes (Deligne 1979, 2.7.10). Thus, we can define an action of £(G,G’, X ) on F by
setting *f = o(a)o foa~ ! for f € Fanda € £(G,G’, X T). Note that if « € G(Q) " (rel
G') C £(G,G’,X™T), then *f = o* f (with the notation of §2).

THEOREM 3.3. The map £(G,G’,X1) — Aut(F/E) identifies £(G,G’,X ") with an
open subgroup of Aut(F/E) of finite index.

PROOF. This follows from the commutative diagram

1 — G@Q) (el G') —— £(G,G',XT) —— Gal(Q/E) —— 1

| | |

| — Awt(F/Q) ——— Auwt(F/E) — Gal(Q/E) — 1

since we know from §1 and §2 that the left hand vertical arow identifies G(Q) ™" (rel G')
with an open subgroup of Aut(F/Q) of finite index. O

327.03.23. In fact, all Shimura varieties are known to have canonical models — see the article in footnote 2.
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3.4. The reciprocity law at a special 1 € X T (Deligne 1979, 2.7.10c) has the following
interpretation. Let 7' be a Q-rational torus G such that h factors through 7'(R). In ibid.
2.5.10, Deligne constructs an extension D of Gal(Q/ E(T,h)) by T(Q) and a commutative
diagram

| —— T(Q s D » Gal(Q/E(T,h)) — 1

| | |

1 — G@Q1 el G') —— £(G,G',.XY) ——— Gal(Q/E) ——— 1.

Let A € D have images (1) in £(G,G’, X 1) and o(1) in Gal(Q/ E (T, h)). If z = [h] is the
point on M(G,G’, X ) defined by £, then Deligne’s reciprocity law says that a(1)z = z.
Thus, for any f € F that is defined at z, *Pf(z) = a(L)(f(2)).

3.5. Let (L,0) be the algebra with involution corresponding as in 1.1 to G, and let A =
Aut(L,0). According to Deligne (1979, 2.7.16), there is a pair (G, X;) satisfying the
axioms for a Shimura variety and such that

(G, Gy, X{)=(G,G'.X™T)

E(G1,X1) =E(G,X™T).
We assume that it is possible to choose (G1, X1) so that there is an action ad: A — Aut(G1)
of A on G that is compatible with the action clf A on G. (For tllis to be possible, it is
obviously necessary that the action of A on Z(G), the centre of G, induces an action of

Z(G’); in 3.7 below we show that this condition is also sufficient.) Under this assumption,
we can apply the functor —*g,(0), /z, (@) A(Q)! to the first two terms of the sequence

1 - Gi1(Q4}/Z1( Q" = G1(Af)/ Z1( Q" — Ton(G1) — 1

and obtain an exact sequence

1 > AQ)" (el G') — G1(Ay) *G1(Q)4 /2@ AQ" = Tom(G) — 1
Zy (@ T

(cf. Deligne 1979, 2.5.1). On pulling-back relative Gal(Q/E) — o7 (G), we obtain the
second row of the following exact commutative diagram

1 — G@QT el G') —— £(G,G',X+) —2— Gal(Q/E) —— 1

/ [ |

1 —— AQ)" (rel Gy —— £%(G,G', Xt) — 2 Gal(Q/E) — 1.

This diagram is independent of the choice of (G, X1). We give £¢(G,G’, X T) the topol-
ogy for which £(G,G’, X7T) is an open subgroup. The actions of A(Q)'(rel G’) and
E(G,G’,X ™) on F combine to give an action of £°(G,G’, X ") on F.

THEOREM 3.6. Under the above assumption, there is an isomorphism of topological groups
£¢(G,G', Xt) > Aut(F/E).

PROOF. The proof is the same as that of 3.3. o
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LEMMA 3.7. With the notation of 3.5, assume that the action of A on Z(é) induces an
action of A on the quotient Z(G') of Z(G). Then there exists a (G, X1) such that

(Gad,Gder,X{i_) — (G,G/,X+)
E(G1.X1)=E(G,X™),

and the action of A on G lifts to an action of G1.

PROOF. We have only to modify slightly the proof in Milne and Shih 1982b, §3. Let T be a
maximal torus in G and 7" its inverse image in G’. Then

def

M = X«(T)/X«(T") = Hom(X*(Z(G")),Q/Z),
and so, by assumption, has a natural action by A/A°. The sequence
0—>P—>Pyp—>M-—>0

of Lemma 3.2, ibid., can then be chosen to have an action by 4/A°. The centre of the group
G constructed ibid., 3.1, is a torus Z(Gq) such that X4 (Z(Gy1)) = P;. It therefore carries
an action by A/A° such that Z(G) — Z(Gy) is equivariant. Since G = G *2(&) Z(Gy), it
also carries an action by A. According to ibid., 3.4, it is now possible to choose X such that
E(G1,X1)=E(G,X™). 0

4 The main theorems for canonical models in the
sense of Shimura

4.1. Let G be a reductive group and X a family of maps C* — G(R) such that (G, X)
satisfies the axioms for a Shimura variety (Deligne 1979, 2.1.1). Assume that Sh(G, X)
has a canonical model (M (G, X),¢:Sh(G,X) — M(G, X)c) in the sense of Deligne 1979,
2.2.5, defined over its reflex field £ = E(G, X). We begin this section by showing how to
derive from M (G, X) a canonical model in the sense of Shimura 1970.

4.2. Let £ = {g, x be the map
7o NE/gqm:Gal(Q/ E)*® = non(GmE) — Ton(G)

explicitly defined in Deligne 1979, 2.6.2.1. According to Deligne (ibid., 2.6.3), o€ =
(o) L el(o)~! for e € mo(M(G, X )@). Let £ be the subfield of Q corresponding to the

kernel of £ and define £(G, X) to make the following diagram exact and commutative,

G
1 — GY(Q)T"(rel GIr) — — = (Ay) *G(Q)4/2@ G" QT — 7o (G) — 1

Z(Q"
] |

1 — GYQ) ™ (rel G*) ————— £(G,X) ——T—— Gal(t/E) — 1

Thus E(G,X) is a quotient of £(G™, G, X T). Let 3 be the set of open compact subgroups
of £(G, X) and for any S € 3, let kg be the subfield of ¢ defined by ¢(S). Let I's =
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S NG*(Q)T, and choose a connected component X+ of X. We shall construct a family
(Vs.9s), S € 3, of models for the varieties I's\ X ™, and a family of maps (J7s(x)), x €
£(G, X) analogous to those constructed in special cases by Shimura (1970, 2.5), K. Miyake
(1971, 4.1), and Shih (1979, 2.4; 1981, 3).

4.3. The group I's is open relative to the topology on G%(Q) defined by G%', and is
torsion free (and so belongs to X) if S is sufficiently small. Set So = S N G*4(Q)" (rel
G'). Let Sh(G, X)° be the connected component of Sh(G, X) containing the image of

X+ x {1}. Thus I's\X* —> So\ Sh(G, X)°. For some connected component M(G, X )°

of M(G, X)g, ¢ induces an isomorphism Sh(G, X)° —> M(G, X)¢, and we let e denote
M(G. X )° regarded as a point on the pro-finite scheme 7o(M(G, X)). As e is fixed by
Gal(Q/®), M(G, X)° is defined over £. The group £(G, X) acts on M(G, X)° compatibly

def

with the action of its quotient Gal(¢/E) on . Thus Vg = S\M(G, X)° is a model of
So\M (G, X)° rational over kg. Define ¢g to be the composite,

IFs\X+ =5 S\ Sh(G, X)° —> So\M(G,X)% —> (Vs)c.

4.4. The compatibility of the actions of E(G,X) on M(G, X)° and £ means that, for any
ae€&(G,X),

M(G,X)° —%— M(G,X)° (left action)

l Spec(o(a)™!) l

Spec(() ——— > Spec(¥)

commutes. We therefore have a map of £-schemes J(a): M(G,X)° — o(a)"'M(G, X)°
such that o () o J (&) = «,

MG, X)° L9 5@ MG, x)° 225 MG, x)°

l Spec(o (@) ~") l

Spec(() ——— > Spec(¥).
If S,T € 3 are such that «Sa~! C T, then J(«) defines a map on the quotients,
Jrs(@):Vs = T\(0 (@)~ ' M(G,X)°) =a(a) ' Vr.
Thus, for £ € k7 (Vr), (0(@)~! f)oJrs(@) =% 'f L o)l foa.

4.5. Let h € X be special, so that i factors through H(R) for some Q-rational torus
H C G, and let u be the cocharacter of G¢ defined /. By definition, the reflex field E (h) is
the smallest field over which u is defined. Let 1 be the homomorphism of algebraic groups

NR
Em X2, g6,

where, as in Deligne 1979, 2.2.2, NR(u) is the composite

Res(i) Newmy/q
E(h)* =Resgm)/0(CmEm)) — Resgmyo(Hewm) — H.
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Let M be the G(C)-conjugacy class of maps C* — G(C) associated with X, and let
gm:7(GmEg) — n(Gg) and Ng /q: (G g) — 7(G) be the maps defined in Deligne 1979,
2.4. It follows directly from the definitions that

7] N
A s G(A)

lNE(h)/E
X NE/goqm _
Ay ——— 7(Gpug) — 7(G) ——— 7on(G)

commutes. Let v € A% ") and let [v] and [n(v)] denote respectively the images of v and
n(v) in Gal(E(h)®/E(h)) and wom(G). The above diagram and Deligne 1979, 2.6.3,
show that [n(v)]e = LG, x (Ng@n) £ (v)) - € = [v]e for € € mo(M(G, X)g). The element
n(v)x1e€G(Ar)/Z(Q)" *--- maps to £G x (Ng ), g (v)) and therefore lies in £(G, X ); we
have therefore a map 1 = (v > n(v) * l):A};(h) — £(G, X). Moreover, o(7(v)) = [v] ™.

THEOREM 4.6. (a) Foreach S €3, (Vs,¢s) is amodel of I's\X T overksg.
(b) For any « € £(G,X) and S,T € 3 such that aSa™! C T, Jrs(a) is a map Vg —
o(a)~'Vr defined over k. The following hold:

Jss (o) is the identity map ifx € S;

(o)~ Irs(B)) o Jsr(@) = JTr(Ba);
Jrs(@)ops = @7 oa foralla € G(Q)4 such thataSa™! C T.

(c) Letz € X be special; for each S € 3, s(z) is rational over E(z)*, and for every

V€ A;,E(z)’ -
vlgs(z) = JsTt(M(v))er(2),

where [v] is the element of Gal(E (z)® / E(z)) corresponding tov and T = 7(v) " S7(v).

PROOF. Both (a) and (b) follow directly from the definitions. Let z € X T be special
and let v € A}f’ E@) One of the conditions for M(G, X) to be a canonical model is that
v][z.1] = [z.n(v)"'], where [z,1] is regarded as a point on M(G,X)@ (Deligne 1979,
2.2.5). Therefore,

def

W)z 1] 2 o ()20 E )7 2.0 71 = [2.1),
and so J(7(v))[z,1] = [v][z, 1], which implies (c). 0

4.7. Tt is sometimes possible to strengthen this theorem by enlarging £(G, X) and 3. Let A
be the algebraic group associated with G2 as in §1, and assume that the action of 4 on Gu
extends to an action on G (cf. 3.7). Since G = G *2(8) Z(G) it is only necesary for this

that the action of 4/A4° on Z(G) extend to Z(G). Under this assumption, we can construct,
as in 3.5 and 4.2, extensions

1A der G(Ar) 1 =
1 — A@Q) Mrel G") — W*G(QM—/Z(@)A(@) — o (G) — 1

\ ] J

1 — AQ"(rel G%) —— £¢(G,X) —Z—— Gal(¢/E) — 1
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Let 3 be the set of compact open subgroups of £¢(G, X). Then, exactly as before, we can
construct a family (Vs,¢s, JsT(e)) with the same properties as the family in 4.6 except
that now S and T are allowed to lie in 3 and « in £(G, X). For example, if G*¢ is Q-simple
of type C or A and we take (G, X) to be the pair denoted (Gg, X¢) in the appendix of Milne
and Shih 1981, then we obtain the families constructed in Shimura 1970, 5.2, and K. Miyake
1971, 4.1.

4.8. We return to the situation of 4.6. For any S € 3, the function field F(S) of Vg is a
subfield of the function field F(I's) of I's\M (G, X)® linearly disjoint from C over Q and
such that C- F(S) = F(I's). We define F’, the field of arithmetic automorphic functions
on X relative to G to be | JF(S) C F. Thus f € Fisin F' if and only if there is an
S €3 such that f = gogg for some g € kg(Vs). We define an action of £(G, X) on F’ as
follows: for @ € £(G,X), f € F/,and z € M(G,X)°, we set *f(z) = o(a)o f oa™1(2).
Thus, if /' = gogg, then *f =%*gopg = (o(a)g) o JsT (™) ogr (cf. 4.4).

THEOREM 4.9. If G is classical, then £(G, X) is isomorphic to an open subgroup of
Aut(F'/E) of finite index.

PROOF. The proof is the same as that of 3.4. o

4.10. There is a reciprocity law at the special points: with the notation of 4.5, for any special
ze X1 and f € F’ defined at z, f(z) € E(z)*; moreover, forany v € Aj)f E(z) the function

’_’(")_lf is also defined at z, and [v] f(z) = ﬁ(”)_lf(z) (because ’_’(")_lf & [p]of o7(v), and
n(v)z = z; cf. the proof of 4.6¢).

il.ll. In the case that (as in 4.7) the action of 4 on G extends to G, we can replace
(G, X) with £€¢(G, X) and (Vs,¢s), S € 3, with the larger family (Vs,¢s), S € 3. The
field F' = | F(S) is unchanged. If further G* is classical, then there is an isomorphism
E¢(G,X) — Aut(F’/E) of topological groups.

4.12. In the special case that G is simply connected and the centre Z of G is a coho-
mologically trivial torus, the above results can be made more explicit. This will be so, for
example, if G2 is Q-simple of type A, B, or C and (G, X) is taken to be the pair denoted
(Go, Xo) in the appendix to Milne and Shih 1981. (These are the cases studied in K. Miyake

1971, Shih 1979, and Shimura 1970 respectively.)
Let T be the torus defined by the exact sequence

15>G% 56 -5T—>1.
Since G is simply connected, the map

mo(G) = mo(G(QN\G(A)) — mo(T(QN\T(A))
induced by v is an isomorphism (Deligne 1971, 2.4). As

GR)+ ={g e GR)[v(g) ev(Z[R))}
(see Milne and Shih 1981, 3.1), we see that

def

mon(G) = 7o(G(R)+)\7o7(G)
= V(ZR)\7o(T(Q\T(A))
=T(A)/Tv(ZR)),
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where T is the closure of 7(R) ™ T'(Q) in T'(A). In many cases, v(Z(R)) C T(R)* and so
mon(G)=T(A)/TC.

The map £:Gal(E®/E) = m (A% /E>) — mom(G) of 4.2 can be described as follows.
Let wp: Gy — G correspond to i € X. The composite uy = v o uy, is independent of /4,
and is therefore defined over E. We have therefore a map

(RGSE/QGm M RE‘,SE/Q T ﬂ) T)
This gives amap 7o(A% / E™) — mo(T (A)/ T (Q)) that, when composed with o (T'(A)/ T(Q)) —
mo(T(A)/T(Q)/v(Z(R)), equals £.
As Z is cohomologically trivial, G(Q) — G*(Q) is surjective. Thus,
G(Ay) GH(Q)* = G(Ay) G(A)+
2@ *0@+2@0 ZQ"  Z@N-G®)+

There is a diagram

I — G@Q%-GR); — G(A)y — Ton(G) — 1

H | [

1 — G(Q} -GR)y — G(G,X) —— Gal(t/E) — 1,

which, when the four left-most terms are divided by Z(Q)” - G(R)™, becomes the diagram
in 4.2. By definition,

G(G.X)={g€G(A)+ |v(g) €T -AM(AE) - v(Z(R))}.

Note that, for any special 2 € X, the map 1 of 4.5 defines a homomorphism A’ n
Gg(G.X).

We can now identify 3 with the set of subgroups S of G(G, X) such that Z(Q)"G(Q)+ C
S and S/Z(Q)*G(R)™ is open and compact in G(G, X)/Z(Q)"G(R) 4+ (= £'(G, X)), and
we can substitute G(G, X) for £(G, X) in the statement of Theorem 4.6. From 4.6, 4.9, and
4.10 we can conclude the following statement.

THEOREM 4.13. There is a continuous homomorphism t:G(G, X) — Aut(F’/ E) with the
following properties.

(a) The kernel of T is Z(Q)"-G(R)+.

(b) Foralla € G(G,X), t(a)|e = o ().

(c) Fora e G4} CG(G,X), feF',andz € M(G,X)°

"@fz) = fla@2).

(d) For all special z € XT and f € F' defined at z, f(z) € E(z)*®; ifv € AE(h) and
u =)~ then “™f is also defined at z, and “™f(z) = [v] f(2).
(e) The map t defines a topological isomorphism of G(G, X)/(Z(Q)" - G(R)+) onto an

open subgroup of Aut(F’/E). For every S € 3, F' is an infinite Galois extension of
ks and ©(S) = Gal(F'/kgs).
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4.14. In, in addition to the assumptions of 4.12, we suppose that the action of A on
gad extends to an action on G, then we can extend G(G, X) to a group G¢(G, X) having
£¢(G, X) as a quotient group. In this case, there is an exact sequence

1-> Z(Q" - GR)4+ > G°(G,X) - Aut(F'/E) — 1
of topological groups.

4.15. Unlike Deligne’s connected canonical model, Shimura’s canonical model depends on

the pair (G, X) with G a reductive group and not merely the associated triple (G4, G, X T)
(because the field £ depends on G; consider the example the case of a torus). It would
perhaps be most natural to define the canonical model associated with a triple (G,G’, X )
to be a family (Vs,¢s,Js7(@)) in which S is an open compact subgroup of £(G,G’, X 1),
o€ &(G,G',XT), and Vg = S\M°(G,G’,X™") is a model for I's\X™*, where I's =
SNGQ)T.

5 Non-abelian reciprocity laws and solutions to Hilbert’s
twelfth problem

5.1. Throughout this section, (G, X) satisfies the axioms for a Shimura variety and is of
abelian type in the sense of Milne and Shih 1981, §1. We also assume that the weight w of
any h € X is defined over Q and that ad (i) is a Cartan involution of (G/w(Gy,))r (see
Deligne 1979, 2.1.1.4, 2.1.1.5). These conditions ensure that, for all special 4 € X, the
cocharacter p associated with £ factors through the Serre group,

G 25 e LN Gc  (py Q-rational).

See Milne and Shih 1982a, §1.

5.2. Let h be a special element of X, and let T C G be a Q-rational torus such that / factors
through Tk. Fix a field E C Q of finite degree over E(G, X), and let E'(h) = E(h)- E. We
define 7’ to be the composite

Res(u) NEwmy/g
E (h) = RCSE (h)/Q(Gm) —_—> ReSE’(h)/Q(TE(h)) —>T G
(son’ =nif E'(h) = E; see 4.5). Let Wg/ (), be the Weil group of E’(h) over E (see
Tate 1979). There is an exact commutative diagram

1] — AE,(h)/E,(h)X e WE/(h)/E —_— HomE(E’(h),@) — 1

l | |

1 — Gal(E'(h)*®/E'(h)) — Homg (E'(h)*,Q) — Homg (E’(h),Q) — 1.

For a = (000, @f) € G(Q), the element [adaoo 0 /1, a¢] € Sh(G, X) depends only on the
class of @ in G(Q)\G(A)/C(R), where C is the centralizer of & in Gg. Let M(G, X) be
a weakly canonical model for Sh(G, X),and identify Sh(G, X)) with M (G, X)¢. Then, as
[, 1] is rational over E(h)®™, o[k, 1] is well-defined for o € Hompg (E’(h)*, Q).
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THEOREM 5.3. Thereisamapé:Wg gy g — G(Q)\G(A)/C(R) with the following prop-
erties:

(a) foranyv € Wg/n)/E»
[ad(§ (V)oo) 0 B, E(W)£] = V][, 1],

where [v] is the image of v in Homg (E’(h)®,Q);
(b) the following diagram commutes,

Apiy —— WEm/E

I !

G(Ar) — GQ\G(A)/C(R);
(c) forall v € Wg/uyk and € € mo(M(G. X)g).
E()re=v]e
in G(Q)\HO(M(G,X)@).

PROOF. To construct £ we shall need to use the motivic Galois group attached to the category
of abelian varieties over QQ that are of potential CM-type (see Deligne and Milne 1982). This
is an extension

1— 8-> M- Gal(@Q/Q) — 1

of Gal(Q/Q) by the Serre group S together with a splitting M (Ar) 2 Gal(Q/Q) over
As.Forte Gal(Q/E), let S be the S-torsor 7 ~!(7) and let °G be the G-torsor 'S x5 G.
According to Milne and Shih 1982b, 7.2, §10, *G is trivial. Choose an a(z) € *S(Q) and
¢(1) € 'G(Q) and set

pa() = ey, veG@),
psp(r) = c(a,  a € Glhy)

with p = p,, as in 5.1. Let w; € G(C) normalize T (C) and be such that adw; oy = Tp.
Then vw, € G(R) (ibid., 7.7, §10) and t[h,1] = [ad(vw;) o h,«] (ibid., 7.11, §10). For
v € Wi/ g, we choose a T € Gal(Q/ E) whose restriction to E’(h)® is [v™1], and we set
£(v) equal to the class of (vw;,«) in G(Q)\G(A)/C(R). Obviously &(v) is well-defined,
and [v1[h, 1] = [ad§ (1)oo) o k. E (V) £].

Letv € Ag(h) and identify t = [v™!] with an element of Gal(E’(h)®/E’(h)). Then
i = u because E(h) C E’(h) is the field of definition of u, and we can take w; = 1.
According to Milne and Shih 1982a, 3.10, S is trivial, so that we can take a(t) € *S(Q)
and ¢(7) € p(a(r)). Moreover, @ = 1'(vy), and s0 §(v) € (1,7 (vf)) = (7 (veo). 7' (vy))
because 1’ (veo) € C(R).

As G(Ay) acts transitively on 7o (M (G, X)g) and its action factors through an abelian
quotient and commutes with the action of Gal(Q/ E), it suffices to check (c) for a single
€ € mo(M(G, X)g). Butif we take € to be the class of [/, 1], then the formula follows from

(). ]
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5.4. Let g(v) € G(A) represent & (v). The real approximation theorem allows us to assume
that £(v)oo € G(R)+. Part (c) of the theorem can be strengthened to read: £(v)re = [v]e.

From this it follows that g(v)f = g(v)f x1€G(Ar)/Z(Q)" *--- lies in £(G,X), and that
o(§W)r) = []fe-

COROLLARY 5.5. Part (c) of Theorem 4.6 can be replaced by the following: leth € X+ be
special; for each S € 3, ps(h) is rational over E(h)™, and for every v € WksEm)/ ks »

Ves (adEW)eo o h) = JsTEW) )T (1),
where T = g(v);ng(v)f and g(v)oo and g(v)f correspond to some lifting g(v) of £(v)
with £(V)oo € G(R) 4.
PROOF. We have £(v)/[h,1] £ o(E(v) f)[h,E(u);l], and 0 ((v)7) = [v] and [v][h,1] =
adé(v)oo 0 h,E(v)r]. Thus g(v)fl [adé(V)oo 0 B, 1] = [h, 1] and so
JEW) 1] = Pl[adé(v)oo ok, 1],
which implies the formula. o

COROLLARY 5.6. Letz € Xj‘ be special and let f € F' be defined at z; then, for any
v e WgmyE,"f, whereu = E(v)/?l, is defined at z and

“f(2) = [v] f(adE(1)oo 0 2).
PROOF. We have
“f(2) =[]0 foE(v)s(2) = V] f(adE (Voo 02)
because £(v) [z, 1] = [ad€(v)oo © 2, 1] (see the above proof). o

5.7. The last corollary can be regarded as a non-abelian solution to Hilbert’s twelfth
problem: it describes the action of the Weil group on the special values of certain functions
and therefore determines the fields they generate; this field is an abelian extension of a finite
extension of the base field.

5.8. We shall prove a non-abelian version of the reciprocity law stated in Deligne 1979,
2.7.10c. Let h € X be special and let p = p,, be the map § — G associated with 4 as in 5.1.
Let g M be the pullback of the motivic Galois group relative to Gal(Q/ E) — Gal(Q/Q).
Then we have an extension

1— 8 — gM 5 Gal(Q/E) — 1

together with a splitting g M (Af) 2 Gal(Q/E). Write M for gM and let S acton M x G
by s(m,g) = (ms™!,p(s)g) and define MG to be the quotient scheme S\M x G. The
splitting sp allows us to define a map M G(A') — G(A') x Gal(Q/E): we send [m, g]
to (p(sp(t)~'m)g, t), where 7 is the image of m in Gal(Q/E). If ¢ € M G(Q) maps to
(e, 7) € G(Af) x Gal(Q/ E), we define g[h, 1] = t[h,].
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PROPOSITION 5.9. Leth € X be special, and let ¢ = [m,g] € MG(Q). If T is the image
of m in Gal(Q/E), then9h € adg=' o%h isin X, and q[h,1] = [4h, 1].

PROOF. Let L be some large finite Galois extension of Q containing £ (4). Using that the
motivic Galois group, and therefore g M, is a pro-system, we have an extension

1> 8t > gME > Gal(L®/E) > 1

with a splitting g M L(Af) & Gal(L®/E), see Milne and Shih 1982a, §2. Replace g M
in the above discussion by its quotient z M L. Choose a section t > a(z) to g ML (L) —
Gal(L®/E) that is a morphism of pro-algebraic schemes. After possibly multiplying g
by an element of ST (L), we can assume ¢ = [a(t),g]. Let o(a(r)) = a(t)yy () with
Yo (1) € SL(L); since 0g = [oa(r),08] = ¢, we have 0g = p(ys(t))g. The formula of
Milne and Shih 1982b, 7.13, §10, states that t[h, 1] = [adv o% h,vp(sp(z) " 'a(r)) 1], where
v is any element of G (L) such that v = vp(y4(7)). Clearly, g~ ! is such an element, and so
tlh, 1] = [9h, g p(sp(r)"ta(r))"!]. On multiplying on the right with p(sp(r) " 'a(z))g,
we obtain the formula g[k, 1] = [9h,1]. o

5.10. If we knew the conjecture of Langlands (1979, pp. 232-33) (equivalently, conjecture
CM or D of Milne and Shih 1982b), it would be possible to replace the motivic Galois
group by the Taniyama group. The above results would then be more explicit.*

5.11. Let N be the normalizer of T in G. It would be interesting to know under what
conditions every element £(v) is representated by an element of N(A) and further that there
exists a commutative diagram

| — E(W*\A%) —— Weme —— Homg(E(h),Q) — 1
|- | |
1 —— T(Q\T(A) —— N(Q)\N'/N'NC(R) — Homg (E(h),Q) —— 1

with N” C N(A). The existence of such a diagram would provide a partial answer to the
problem mentioned in Tate 1967, p. 200.

THE UNIVERSITY OF MICHIGAN

427.03.23. We do know the conjecture, see the article in footnote 2.

SThe kernel of the map [from the Weil group £ of L/K to Gal(L®/K)] is the connected component D;, of
Cr.. As Weil remarks, the search for a Galois-like interpretation of £ (or even a “natural” construction, without
recourse to factor systems, of a group & furnished with a “natural” map W: & — Gal(L2®/K) seems to be one
of the fundamental problems of number theory.
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